
This document contains the technical details for power analysis for linear regression models
within a clustered data setting in which clustered data are formed by therapists.

1. Simple linear regression with a single predictor

In this setting, we assume that there are n therapists and each therapist sees m patients. We
have a response y and a predictor x and assume a linear relationship between y and x. Power
is calculated for detecting a non-zero correlation between y and x. Input parameters are: the
non-zero correlation and the intra-class correlation of the therapists’ effect.

Let n denote the number of therapists and m the number of patients seen by each therapist.
By treating n as the number of clusters and m as the size of each cluster, patients’ responses, yit,
can be modeled using the following LMM:

yit = β0 + xiβ1 + bi + �it, bi ∼
³
0, σ2b

´
, �it ∼ N

³
0, σ2

´
, 1 ≤ i ≤ n, 1 ≤ t ≤ m, (1)

yi = β01m + xiβ11m + bi1m + ²i 1 ≤ i ≤ n,

where xi is a predictor of interest. In (1), the therapists’ effect is explicitly modeled by the random
effect bi.

Now, let E (xi) = E (yit) = 0 and V ar (xi) = V ar (yit) = 1. Then, it follows from (1) that:

β0 = 0, var (xiβ1 + bi + �it) = β21 + σ2b + σ2 = 1. (2)

Corr (xi, yit) = E (xiyit) = E
³
x2i

´
β1 +E (xibi) +E (xi�it) = β1. (3)

Thus, β1 is the correlation between xi and yit and σ2b + σ2 = 1− β21 .

Now, consider the hypothesis:

H0 : β1 = 0, vs. Ha : β1 = a, (4)

where a is the correlation to be detected.

It follows that the asymptotic variance of the MLE of β1 is given by:

Σβ = E−1
h
X>
1 V

−1
1 X1

i
, V1 = σ2bJm + σ2Im =

³
σ2b + σ2

´
C (ρ) =

³
1− a2

´
C (ρ) , (5)

where Jm is a m×m matrix of 1’s and C (ρ) the uniform compound symmetry correlation matrix

with ρ =
σ2b
1−β21

. The within-cluster correlation ρ is widely known as the intra-class correlation.

Thus, the asymptotic variance is a function of β1 and the intra-class correlation ρ.

The above is similar to Example 5 in Tu et al. (2004) and so power can be computed by adding
the following to the program:

a – correlation to be detected

ρ – within subject correlation for subjects seen by the same therapist

We can compute:

σ2b = ρ
³
1− a2

´
, σ2b + σ2 = 1− a2.

2. Linear regression with multiple predictors



For convenience, we consider a linear regression with two predictors:

yit = β0 + uiβ1 + viβ2 + bi + �it, bi ∼
³
0, σ2b

´
, �it ∼ N

³
0, σ2

´
, 1 ≤ i ≤ n, 1 ≤ t ≤ m,

yi = β01m + uiβ11m + viβ21m + bi1m + ²i 1 ≤ i ≤ n,

We are interested in detecting a smaller effect size among β1 and β2 so we assume a working model
as follows:

yit = β0 + (ui + vi)β1 + bi + �it, bi ∼
³
0, σ2b

´
, �it ∼ N

³
0, σ2

´
, 1 ≤ i ≤ n, 1 ≤ t ≤ m,

yi = β01m + (ui + vi)β11m + bi1m + ²i 1 ≤ i ≤ n,

By viewing ui + vi as a single xi, we can apply the development in 1 above. Let V ar (ui) =

V ar (vi) = 1 and Corr (ui, vi) = ρpred. In this case, V ar (xi) = 2 (1 + ρpred) 6= 1. It follows from
(1) that:

β0 = 0, var (xiβ1 + bi + �it) = β21σ
2
x + σ2b + σ2 = 1.

Corr (xi, yit) =
E (xiyit)

σx
=
1

σx

h
E
³
x2i

´
β1 +E (xibi) +E (xi�it)

i
= σxβ1.

Thus, σxβ1 is the correlation between xi and yit and σ2b + σ2 = 1− σ2xβ
2
1 .

Now, consider the hypothesis:

H0 : Corr (xi, yit) = 0, vs. Ha : Corr (xi, yit) = σxβ1 = a,

or equivalently,

H0 : β1 = 0, vs. Ha : β1 =
a

σx
,

where a is the correlation to be detected.

It follows that the asymptotic variance of the MLE of β1 is given by:

Σβ = E−1
h
X>
1 V

−1
1 X1

i
, V1 = σ2bJm + σ2Im =

³
σ2b + σ2

´
C (ρ) =

³
1− σ2xβ

2
1

´
C (ρ) ,

where Jm is a m×m matrix of 1’s and C (ρ) the uniform compound symmetry correlation matrix

with ρ =
σ2b

1−σ2xβ21
=

σ2b
1−a2 . The within-cluster correlation ρ is widely known as the intra-class

correlation. Thus, the asymptotic variance is a function of β1 and the intra-class correlation ρ.

The above is similar to Example 5 in Tu et al. (2004) and so power can be computed by adding
the following to the program:

a – correlation to be detected

ρ – within subject correlation for subjects seen by the same therapist

ρpred – between-predictor correlation


