This document contains the technical details for power analysis for linear regression models
within a clustered data setting in which clustered data are formed by therapists.

1. Simple linear regression with a single predictor

In this setting, we assume that there are n therapists and each therapist sees m patients. We
have a response y and a predictor x and assume a linear relationship between y and x. Power
is calculated for detecting a non-zero correlation between y and x. Input parameters are: the
non-zero correlation and the intra-class correlation of the therapists’ effect.

Let n denote the number of therapists and m the number of patients seen by each therapist.
By treating n as the number of clusters and m as the size of each cluster, patients’ responses, ¥i,
can be modeled using the following LMM:

Yit = Bﬂ+xi61+bi+6ita biN(O>O-I?>7 €itNN(O>U2>7 1§l§n7 1StSm7 (1)

Yi = Bolm+zifily, +bily, +€ 1<1i<n,

where z; is a predictor of interest. In (1), the therapists’ effect is explicitly modeled by the random
effect b;.

Now, let F (x;) = E (yi) =0 and Var (x;) = Var (yi) = 1. Then, it follows from (1) that:
5o =0, UQT($iﬁ1+bi+€it)25%4-024-02:1. (2)

Corr (zi,yi) = E (ziya) = E (%2) B1+ E (xibi) + E (zi€ir) = Bi. (3)

Thus, B; is the correlation between x; and y;; and O'g +o=1-p3%

Now, consider the hypothesis:

Hy:p51=0, vs. H,:p1=a, (4)

where a is the correlation to be detected.

It follows that the asymptotic variance of the MLE of 3; is given by:
S =B X VX, Vi=opdm+0’ln= (07 +0%) Cp) = (1-a®) C(p),  (5)

where J,, is a m x m matrix of 1’s and C (p) the uniform compound symmetry correlation matrix
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Thus, the asymptotic variance is a function of 81 and the intra-class correlation p.

with p =

The above is similar to Example 5 in Tu et al. (2004) and so power can be computed by adding
the following to the program:

a — correlation to be detected
p — within subject correlation for subjects seen by the same therapist

We can compute:
afzp(l—aQ), ot +o?=1-d

2. Linear regression with multiple predictors



For convenience, we consider a linear regression with two predictors:

Vit = Po+wif1+vif2+ b + €, bw(O,az?), €itNN(0,0’2)7 1<:<n, 1<t<m,
Yi = Bolym +uifily, +vif2ly +bi1ly +€ 1 <i<mn,

We are interested in detecting a smaller effect size among 51 and B3 so we assume a working model
as follows:

Yit = /80+(ui+vi)ﬁ1+bi+€itv biN(Oag§)> eitNN(0702)> 1§ZS7’L, 1§t§m7

Vi = Polm+ (ui+vi)Bi1ly +bily +€ 1<i<n,

By viewing u; + v; as a single z;, we can apply the development in 1 above. Let Var (u;) =
Var (v;) = 1 and Corr (u;, v;) = ppred- In this case, Var (z;) = 2(1 + ppreq) # 1. It follows from
(1) that:

Bo =0, war(z;f1+ b+ €)= B%oﬁ + 0? +02=1.

Corr (v, yit) = Elaa) _ 1 [E (963) p1+ E (xib;) + E (wz‘éit)] = 0,01.

Og Oy
Thus, 0,51 is the correlation between x; and y;; and O'g +o2=1- agﬁ%

Now, consider the hypothesis:
Hy: Corr(x;,yit) =0, vs. Hg:Corr(zi,yir) = 0,01 = a,

or equivalently,
a
Hy:81=0, vs. Hy:p1=—,
x

where a is the correlation to be detected.

It follows that the asymptotic variance of the MLE of 3; is given by:
_ 1 [yTy -1 _ 2 27 _ (.2, 2 _ 292
o= BT [XIViXa], Vi=ofdnt ot = (of +0%) C(p) = (1-0288) C (o),

where J,, is a m x m matrix of 1’s and C (p) the uniform compound symmetry correlation matrix

2
with p = —2— = b, The within-cluster correlation p is widely known as the intra-class
1-02p87 1—-a

correlation. Thus, the asymptotic variance is a function of 51 and the intra-class correlation p.

The above is similar to Example 5 in Tu et al. (2004) and so power can be computed by adding
the following to the program:

a — correlation to be detected
p — within subject correlation for subjects seen by the same therapist

Ppred — between-predictor correlation



