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Abstract

Power analysis constitutes an important component of modern clinical trials and research

studies. Although a variety of methods and software packages are available, almost all of

them are focused on regression models, with little attention paid to correlation analysis.

However, the latter is arguably a simpler and more appropriate approach for modeling con-

current events, especially in psychosocial research. In this paper, we discuss power and

sample size estimation for correlation analysis arising from clustered study designs. Our

approach is based on the asymptotic distribution of correlated Pearson-type estimates. Al-

though this asymptotic distribution is easy to use in data analysis, the presence of a large

number of parameters creates a major problem for power analysis due to the lack of real data

to estimate them. By introducing a surrogacy-type assumption, we show that all nuisance

parameters can be eliminated, making it possible to perform power analysis based only on

the parameters of interest. Simulation results suggest that power and sample size estimates

obtained under the proposed approach are robust to this assumption.
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1 Introduction

Power and sample size estimation constitutes an important component of modern clinical

trials and research studies. As clustered study designs, particularly longitudinal trials, be-

come more popular in biomedical and psychosocial research, the use of existing packages is

becoming increasingly limited. Although the past two decades have witnessed some major

developments in methodological research for clustered study designs, much of the focus has

been centered around data analysis, with little attention paid to correlation analysis[1]−[15].

In psychosocial research, correlation analysis is a very popular analytic tool for modeling

association between different measures[16]−[23]. In comparison to linear regression, corre-

lation analysis does not distinguish between response and covariate (or predictor) variable

and is particularly useful for modeling association between variables measuring concurrent

events that may arise from different outcomes, scales, different raters as in inter-rater agree-

ment analysis and multiple test outcomes as in test/retest reliability analysis. For example,

in studying changes in the association between biological and psychological measures in

posttraumatic stress disorder (PTSD) among trauma survivors over time[21, 22], it is con-

ceptually more appropriate to use correlation rather than regression to model the changes

of association between the two different domains of measures over time without specifying

which should be a predictor and which one should be a response. In addition, since changes

occur in both the mean association and variance of each variable, it is insufficient to exam-

ine the changes in the mean association alone using a regression model. By modeling both

changes simultaneously, correlation analysis has an analytic advantage over regression in this

respect.

Clustered data can also arise in cross-sectional study designs. The most common instance

involving such data in psychosocial research is test/retest reliability and inter-rater agreement

analyses, where outcomes from multiple questions and raters form clustered data[23]−[25].

As another example, consider a problem of investigating which of the popular depression

measures, Hamilton rating scale for depression (HAMD)[26] and Beck depression inventory

(BDI)[27], is more specific to the diagnosis of PTSD, in terms of their correlations with a

PTSD symptom scale (PSS) in PTSD research[22]. This problem is easily phrased within the

context of correlation analysis. However, a regression analysis is problematic. Conceptually,

it is difficult to interpret regression models within such a setting. Analytically, one can

immediately think of at least three regression models: (1) regress PSS on HAMD; (2) regress
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PSS on BDI; and (3) regress PSS on HAMD and BDI, simultaneously. Unfortunately, none

of these single regressions can be used to address the issue of interest.

In this paper, we develop methods of power and sample size estimation for correlation

analysis within the context of a clustered study design. In Section 2, we address the

analytical challenges in developing such methods. In particular, we discuss a surrogacy-

type assumption to reduce the complexity involved in constructing the power function. In

Section 3, we illustrate the approach with a real study example and in addition, examine

the impact of this assumption on power and sample size estimates using simulated data. In

Section 4, we give our concluding remarks.

2 Power for Correlation Analysis with Clustered Study

Design

We consider two approaches: one based on the asymptotic and the other on the exact

distribution of the Pearson-type estimates. The former typically requires a relatively large

sample size, while the latter yields valid power estimates for any sample size and thus provides

a benchmark for evaluating the performance of the former under small and moderate sample

sizes.

2.1 Asymptotic Distribution of Correlated Correlation Estimates

Consider a clustered study with n clusters, each of size m. As in the literature, we assume

independence across clusters. Let {(xit, yit) ; 1 ≤ i ≤ n; 1 ≤ t ≤ m} denote a set of paired
variables from the ith cluster. Within our context, clustered data arise from longitudinal

study designs or multivariate responses in cross-sectional studies, with clusters formed by

individual subjects. We are interested in examining the changes in correlations, ρt =

Corr (xit, yit), between xit and yit over t.

This general setup applies to both longitudinal and cross-sectional study designs. For

example, if n denotes the number of subjects and m the number of assessments in a lon-

gitudinal study, then ρt represent time-dependent correlations. As another example for a

clustered design in a cross-sectional study, consider the problem of assessing which of the

depression measures, HAMD and BDI, is better correlated with PSS. Let u, v and w denote

HAMD, BDI and PSS, respectively. Let ρ1 = Corr (u,w) and ρ2 = Corr (v, w). The prob-

lem then is simply test H0 : ρ1 = ρ2. To couch this inference problem within the general
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setup, simply let:

m = 2, xi1 = ui, xi2 = vi, yi1 = yi2 = wi.

For convenience, we refer to t as time and m as total number of assessments throughout the

rest of the discussion.

Let ρ = (ρ1, ρ2, . . . , ρm)
>. In this paper, we consider the class of general linear hypotheses

of the form:

H0 : Kρ = a vs. Ha : Kρ = b 6= a, (1)

where K is some g ×m full rank (g ≤ m) matrix of known constants and a (b) is a m× 1
vector of known constants. Note that for data analysis, Ha can be simply stated as Ha :

Kρ 6= a. However, for power analysis, b must be specified in order to compute power. The
linear hypothesis in (1) is the most general class of hypotheses that has been considered

for the linear and generalized linear models and applies to virtually all types of hypotheses

concerning ρ arising in practice. For example, let

m = 2, K = (1,−1) , a = 0, b = 0.2.

Then, (1) becomes: H0 : ρ1 − ρ2 = 0 vs. Ha : ρ1 − ρ2 = 0.2. When viewed in the context of

the cross-sectional example just discussed, the null tests whether HAMD and BDI have the

same correlation with PSS.
The Pearson correlation is an estimate of ρ and its asymptotic normal distribution has

been used extensively for inference about ρ[28]−[35]. Let r = (r1, r2, . . . , rm)
>, with rt

denoting the Pearson estimate of ρt (1 ≤ t ≤ m). Then, under a multivariate normal

assumption for z =(z1, . . . , zm)
>, with zt = (xt, yt)

>, the asymptotic normal distribution of

r is given by:

√
n (r− ρ) → dN (0,Σr = [σst]) , (2)

σst =

⎧⎪⎪⎨⎪⎪⎩
(1− ρ2s)

2
if s = t;

1
2
ρsρt

³
ρ2xst + ρ2yst + ρ2xyst + ρ2xyts

´
+ (ρxstρyst + ρxystρxyts)− if s 6= t.

−ρs (ρxstρxyst + ρystρxyts)− ρt (ρxstρxyts + ρystρxyst)

where →d denotes convergence in distribution (e.g. Serfling 1980, Chap1
[36]) and

ρxyst = Corr (xis, yit) , ρxst = Corr (xis, xit) , ρyst = Corr (yis, yit) , 1 ≤ s, t ≤ m. (3)
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To use this asymptotic distribution, we must estimate the parameters in the asymptotic

variance Σr. Let Pg = [ρgst] (g = x, y) denote the m × m matrix defined by the within-

variable correlations (WVC), ρgst, and Pxy = [ρxyst] the m×m matrix defined by the cross-

variable correlations (CVC), ρxyst. Then, Σr is a function of the elements of these matrices.

In addition, ρ corresponds to the diagonal of Pxy. With real data as in data analysis,

consistent estimates of Pg and Pxy are readily computed. When no data is available, such

estimates cannot be calculated and other alternative estimates such as guesses from other

similar studies must be considered. Thus, for power analysis, it is desirable to reduce the

nuisance parameters as much as possible.

In most applications, elements of WVC are typically modeled as a function of |t− s|

and a wide class of analytic functions is available for modeling ρgst = ρg (|t− s|)[2, 37]. For

example, under the uniform compound symmetry assumption[2], ρgst = ρg for all s 6= t

with −1 < ρg < 1. Such an assumption may over-simplify the correlation structure, but

other alternatives are available to reach a compromise between practical utility and analytic

tractability, especially when partial information is available about the variables. Modeling

such correlation structure has been extensively discussed in the literature and is not repeated

here.
For elements of the CVC Pxy, the problem unfortunately is much more complicated, and

in particular, is not readily addressed by existing methods such as the approach used for

modeling the WVC. For example, consider a simple case withm = 2. If Pxy is modeled using

a uniform compound symmetry assumption, then the null hypothesis H0 : ρ1 = ρ0, ρ2 =
1
2
ρ0

would be contradictory to the assumed model, while H0 : ρ1 = ρ2 = ρ0 is implied by such

a model (−1 < ρ0 < 1). On the other hand, the unstructured model with no constraint

imposed on the elements of Pxy would involve too many parameters to be practically useful

in most applications. Thus, to use the asymptotic distribution for power analysis, it is

desirable to develop an approach that not only reduces the number of parameters in Pxy,

but also ensures this internal consistency with respect to the hypotheses for ρ.

Note that Fisher’s z transformation is often applied to improve the accuracy of the

asymptotic distribution[16, 17, 38, 39]. Within our context, this transformation, TF (r) =

1
2
ln 1+r

1−r , is applied to each component of r, i.e., TF (r) is defined as a vector:

TF (r) =
µ
1

2
ln
1 + r1
1− r1

, . . . ,
1

2
ln
1 + rm
1− rm

¶>
. (4)
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By applying the Delta method[40], we obtain the asymptotic distribution of TF (r):

√
n [TF (r)− TF (ρ)] → dN

³
0,ΣTF = DρΣrD

>
ρ

´
, (5)

Dρ =
∂

∂r
|r=ρ TF (r) = diag

µ³
1− ρ2t

´−1¶
,

where diag(at) denotes the diagonal matrix with at on the tth diagonal. For notational

brevity, the asymptotic distribution (2) will be used in the following discussion. However,

all calculations in Section 3 were based on the transformation in (4) and asymptotic results

in (5).

2.2 Surrogacy Assumption for Simplifying Asymptotic Variance

Consider the assumption:

[yt | xt, xs] = [yt | xt] , 1 ≤ s 6= t ≤ m, (6)

where [y | x] denotes the conditional distribution of y given x. Although similar in appear-

ance, the above is not a Markov assumption in stochastic processes[41], since the conditional

distribution involves different variables rather than the same variable at different times.
This condition is widely known as a surrogacy assumption in measurement error, or errors

in variable, models literature[42]−[44]. Within the current context, (6) stipulates that xs

contains no additional information that could be predictive of yit once xt is known. Thus,

xs can be viewed as a surrogate of xt in predicting yt.

Figure 1 goes about here.

Under (6), we can express the elements of CVC in terms of the parameters of interest,

ρt, and the elements of the WVC matrices by assuming a linear regression model. Let

yit = β0t + β1txit + �it, �it ∼ i.i.d.
³
0, σ2�t

´
, 1 ≤ i ≤ n, 1 ≤ t ≤ m, (7)

where (µ, σ2) denotes a distribution with mean µ and variance σ2. Let σgt denote the

standard deviation of gt for g = x, y. Then, since ρt = β1tσxtσ
−1
yt , it follows from (6) and

the law of iterated expectations that[40]

ρxyst = σ−1xs σ
−1
yt E [(xs − µxs) (yt − µyt)] = β1tσxtσ

−1
yt ρxst = ρtρxst. (8)
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The above computations are diagrammatically illustrated in Figure 1; ρxyst (dotted line) is

calculated as a function of ρt (vertical line) and ρxst (horizontal line). Thus, given Px, Py

and ρ, Pxy is completely determined by (8) and is consistent with the hypotheses for ρ.

Note that in (7), xit is treated as an independent and yit a dependent variable. Similar

results are obtained by reversing the roles of the two variables. In practice, we only need

to assume one of the models. For convenience, we assume (7) throughout the rest of the

discussion.

Under (8), the asymptotic variance of the limiting normal (2) reduces to:

σst =

⎧⎪⎪⎨⎪⎪⎩
(1− ρ2s)

2
if s = t

1
2
ρsρt

³
ρ2xst + ρ2tρ

2
xst + ρ2sρ

2
xst + ρ2yst

´
+ ρxst (ρyst + ρsρtρxst)− if s 6= t

−ρsρxst (ρxst + ρyst) (ρs + ρt)

. (9)

If Px and Py in addition follow a uniform compound symmetry structure, i.e., Pg = C (ρg)

(g = x, y), then (9) further simplifies to:

σst =

⎧⎨⎩ (1− ρ2s)
2

if s = t
1
2
ρsρt

³
ρ2x + ρ2tρ

2
x + ρ2sρ

2
x + ρ2y

´
+ ρx (ρy + ρsρtρx)− ρsρx (ρx + ρy) (ρs + ρt) if s 6= t

.

(10)

By imposing the surrogacy condition (6) under the linear model (7), we are able to

derive (8), which greatly reduces the number of parameters in the asymptotic variance (2).

Although the reverse in general is not true, i.e., not all linear regression models satisfy (6),

it can be shown (Appendix A) that a large class of linear models does. We discuss some

members of this class of models and their implementations within the context of power

analysis in Section 3.

2.3 Power Functions based on Asymptotic and Empirical Distri-

butions

Using the asymptotic distribution in (2), power functions for the class of hypotheses (1) are

readily constructed. For example, consider testing for a positive difference in correlation

between two time points s and t (1 ≤ s, t ≤ m):

H0 : ρs = ρt = ρ0, vs. Ha : ρs = ρ0 + δ, (11)
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where δ > 0. Using the difference statistic D = rs − rt, the power function is given by:

ϕa = Pr [D ≥ c1−α | Ha] = 1− Φ

⎛⎝z1−α − δq
σ2δ

⎞⎠ , σ2δ =
1

n
(σss + σtt − 2σst) , (12)

where Φ and zα denote the cdf and α-percentile of the standard normal distribution. As a

different example, consider the power for detecting an increase in correlation across all time

points, i.e.,

H0 : ρt = ρ0 vs. Ha : ρt = ρ0 + δ > ρ0, 1 ≤ t ≤ m, (13)

where δ > 0. An appropriate statistic is T = 1
m

Pm
t=1 rt and the associated power function

is given:

ϕa = Pr [D ≥ c1−α | Ha] = 1− Φ

⎛⎝z1−α − δq
σ2δ

⎞⎠ , σ2δ =
1

nm2
1>mΣr1m, (14)

where 1m denotes a column vector of 1’s.

More generally, for the class of linear hypotheses (1), it follows from the asymptotic

theory (e.g. Serfling, 1980[36]) and (2) that Kr− a has a limiting normal distribution under
H0 and Ha:

H0 :
√
n (Kr− a)→d N

³
0,KΣrK

>
´
, Ha :

√
n (Kr− b)→d N

³
0,KΣrK

>
´
. (15)

Thus, under H0 and Ha, the quadratic quantity, Q
2
n = n (Kr− a)>

³
KΣrK

>
´−1

(Kr− a),

has approximately a central and non-central χ2 distribution:

H0 : Q
2
n ∼ χ2g (0) , Ha : Q

2
n ∼ χ2g (c) , (16)

where c = nδ>
³
KΣβK

>
´−1

δ (δ = b− a) and χ2g (c) denotes a χ2 distribution with g degrees

of freedom and non-centrality parameter c. Now, let Fχ2g(c) denote the cdf of χ
2
g (c). For a

given level of type I error α, let pα denote the αth percentile of χ
2
g (0). The power function,

ϕ, for the linear hypotheses (1) is given by:

ϕ (n, c, α) = 1− Fχ2g(c)
(p1−α) , α = 1− Fχ2g(0)

(p1−α) . (17)
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As an alternative to the asymptotic results, power functions may also be constructed

based on the exact sampling distribution of r. For relatively small sample sizes, such an exact

method provides more reliable power/sample estimates, which are useful not only for plan-

ning small trials, but also for assessing the accuracy of the asymptotic approach. To this end,

let Z0 = {(x0it, y0it) ; 1 ≤ i ≤ n, 1 ≤ t ≤ m} and Za = {(xait, yait) ; 1 ≤ i ≤ n, 1 ≤ t ≤ m} de-
note two samples of size m under H0 and Ha, respectively. Let

r0 = r (Z0) , ra = r (Za) , T0 = T (r0) , Ta = T (ra) ,

which denote the sample correlations and test statistics calculated based on Z0 and Za. For

example, for the general linear hypotheses (1), T0 and Ta are the quadratic statistics under

H0 and Ha, respectively.

Now, let Fr0 (r) and Fra (r) denote the cdf of r, and FT0 (t) and FTa (t) the cdf of the

induced measure defined by T (r0) and T (ra). Then, the exact power function is given by:

ϕe = Pr (T (r) ≥ c1−α | Ha) =
Z
I{T0(r)≥c1−α}dFra (r) =

Z ∞
c1−α

dFTa (t) , (18)

where I{·} denotes a set indicator and c1−α the (1− α)th percentile of the distribution FT0 (t),

i.e.,

1− α = Pr (T0 (r) ≥ c1−α | H0) =
Z
I{T0(r)≥c1−α}dFr0 (r) =

Z ∞
c1−α

dFT0 (t) . (19)

The integral equations in (18) and (19) typically have no analytic solution, even for nor-

mally distributed (xit, yit). A convenient numerical alternative is the Monte Carlo (MC)

approximation[45, 46]. To implement the MC within our context, first generate M indepen-

dent data sets,
n
Zj
0 , Z

k
a ; 1 ≤ j, k ≤M

o
, and then set:

rj0 = r
³
Zj
0

´
, rja = r

³
Zj
a

´
, T k

0 = T
³
rk0
´
, T k

a = T
³
rka
´
, 1 ≤ j, k ≤M.

Now, let T
(k)
0 denote the order statistic, i.e., T

(1)
0 ≤ T

(2)
0 ≤ . . . ≤ T

(M)
0 and τ = [(1− α)M ]+1,

where [·] denotes the largest integer function. Then,

1− α = lim
M→∞

τ

M
, c1−α = lim

M→∞
T
(τ)
0 = lim

τ→∞
T
(τ)
0 , ϕe = lim

M→∞

1

M

MX
k=1

I
³
T k
a ≥ T

(τ)
0

´
,
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where the first equality follows from the definition of τ , the second from the asymptotic

property of the quantiles[36] and the last from the convergence of the empirical cdfs[47].

Thus, for large M , the integral in (18) is approximated by:

ϕe =
Z ∞
c1−α

dFTa (t) ≈
1

M

MX
k=1

I
³
T k
a ≥ c1−α

´
. (20)

The accuracy of the MC approximation improves as M increases. In addition, the MC

sample size M can even be selected to ensure that the MC approximation achieves required

accuracy[48]. These are well known facts and are not further discussed.

Note that evaluation of the exact power function using the empirical distributions re-

quires that the bivariate distribution of (xt, yt) be known. In most real studies, this joint

distribution is unknown. Further, investigators may be unwilling to assume a specific distri-

bution for modeling (xt, yt). Thus, the exact approach is probably more useful as a tool to

evaluate the accuracy of the asymptotic results, rather than as an alternative to the asymp-

totic approach. In Section 3, we use the MC-based exact approach to assess the accuracy

of the asymptotic approach under the surrogacy assumption with normal and non-normal

data distributions.

3 Illustrations

In this section, we illustrate the proposed methods with both real and simulated data. As

noted earlier, all results are based on the multivariate Fisher’s transformation (4). We start

with a real study in psychosocial research, which actually motivated the development of the
paper.

Example 1. In an intervention study on PTSD patients conducted by investigators at

the School of Medicine, University of Pennsylvania, one primary hypothesis is to determine

whether the correlation between a biological and psychological measure would decrease from

pre- to post-treatment. Let ρ1 and ρ2 denote the correlations at pre- and post-treatment.

Then, the hypothesis can be expressed in terms of (1) as follows:

H0 : ρ2 = ρ1, vs. Ha : ρ2 = ρ1 − δ, (21)

where δ > 0.

Table 1 goes about here.
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Shown in Table 1 are the minimum detectable difference δ as a function of the correlation

at pre-treatment, ρ1, to achieve 80% power based on a one-sided type I error level, α = 0.05.

The estimates were computed based on (5) and (10) for both an intent-to-treat sample and

a completer sample. The intent-to-treat sample is the proposed sample size of the study,

while the completer sample is the number of patients who will have completed a minimum

number of therapy sessions required by the study. The latter is the analogue of a treatment

compliant sample in medication studies.

The estimates in the table show that the detectable differences decrease as either of the
within-variable correlation increases. For example, the detectable difference decreases from

0.37 to 0.22 when both ρx and ρy increase from 0.2 to 0.8. The detectable difference also

decreases as the pre-treatment correlation ρ1 increases. Thus, for this particular study

design, these three input parameters have quite a dramatic effect on power.

There are two approximation steps taken in calculating the power estimates in Example

1. The first is in approximating the sampling distribution using the asymptotic result (2),

while the second step is in approximating the asymptotic variance by imposing the surrogacy

assumption (6). In the next two examples, the performance of the approximation in each

step is examined using simulated data.

We first examined the accuracy of the asymptotic result by comparing the power estimates

derived based on this distribution with those obtained from the MC-based exact method.

Since the result in (8) is derived under a linear regression model, only continuous distributions

were considered. We considered several non-normal distributions. In particular, we applied

the approach to data simulated under the following four distributions:

Normal (N) : x ∼ N (µx;Σx) , ² ∼ N (0,Σ�) , x⊥², (22)

Normal mixture (NMIX) : x ∼ NMIX (−µ1,µ2;Σ1,Σ2) , ² ∼ N (0,Σ�) , x⊥²,

Joint t (tJT ) :

Ã
x
²

!
∼ t

Ã
µx� =

Ã
µx

0

!
,Σx� =

Ã
Σx 0
0 Σ�

!
, v

!
,

Independent t (tIND) : x ∼ t (µx,Σx, vx) , ² ∼ t (0,Σ�, v�) , x⊥²,

where t (µ,Σ, v) denotes a multivariate t distribution[49], N (µ;Σ) a multivariate normal

distribution, NMIX (−µ1,µ2;Σ1,Σ2) a equal mixture of two normals with each normal com-
ponent having mean and variance (µk,Σk) (1 ≤ k ≤ 2), and ⊥ denotes stochastic indepen-
dence. Compared to the normal distribution, the normal mixture has two modes. In

addition, it is generally not symmetric, unless µ1 = µ2 and Σ1 = Σ2. For the two t distribu-

tions, their tails approach 0 at much a slower rate, yielding heavy tails[49]−[52]. In addition,
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although similar in appearance, the parameters for the two t models have quite different

interpretations. For tJT , Σx� no longer has the interpretation of being the var-covariance

matrix of the joint distribution (x, ²). In fact, the var-covariance is given by v
v−2Σx�. For

tIND, x has the variance
vx

vx−2Σx, while ² has the variance
v�

v�−2Σ�. Thus, only for large v,

does Σ becomes close to the var-covariance of the respective variables. Finally, it should be

noted that while tJT implies that x and yt have a joint t distribution
[50], even the marginal

yt does not have a t distribution under tIND
[52].

For convenience, we focused on the following two hypotheses:

Between-time difference : H0 : ρ2 = ρ1 = 0.5, vs. Ha : ρ1 = 0.5, ρ2 = 0.6, (23)

Within-time difference : H0 : ρt = 0.5, vs. Ha : ρt = 0.6, 1 ≤ t ≤ 5.

The first hypothesis tests for change in correlation between two time points, t = 1, 2, while the

second tests for a constant difference over time defined by five assessments. For convenience,

we assumed a normalized variable g in the simulations so that E (g) = 0 and V ar (g) = 1³
= vg

vg−2

´
for the normal and normal mixture (for the two t distributions) (g = x, y). In

addition, we assumed a uniform compound symmetry for both within-variable correlations

so that Pg = C (0.5) (g = x, y).

Example 2. Data in this example were simulated from the linear regression model

(7) under the four distributions in (22). It is readily shown that the surrogacy condition

(6) holds true for all these models (Appendix A). In addition, given ρ, Px and Py, this

linear model can be expressed in terms of these input parameters for the normal and two

t distributions (Appendix B). For the normal mixture, we set the parameters in (22) as

follows:

µ1 = µ2 = ωµx1m, Σ1 = ω2C (eρx) , Σ2 = ω2κ2C (eρx) , (24)

where ω, µx > 0. By imposing the constraint V ar (x) = Px, it follows (Appendix B) that

ω2 =
∙
1

2

³
1 + κ2

´
+ µ2x

¸−1
, eρx = 2

1 + κ2

½
ρxst

∙
1

2

³
1 + κ2

´
+ µ2x

¸
− µ2x

¾
. (25)

As part of the input parameters for the normal mixture, µx and κ2, have the interpretation

of measuring the spread and skewness of the distribution; as µx increases, the distribution

becomes more variable, while larger values of κ2 give rise to more skewed distribution.
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Thus, the linear models used to simulate the various distributions with the desired Pg

and ρ are given by:

y = Dx+ ², y =(y1, . . . , ym)
> , x = (x1, . . . , xm)

> , D = diag (ρt) , (26)

N :

Ã
x
²

!
∼ N

ÃÃ
0
0

!
,

Ã
Px 0
0 Py −DPxD

!!
,

NMIX : x ∼ N
³
−ωµx1m, ωµx1m;ω2C (eρx) , ω2κ2C (eρx)´ , ² ∼ N (0, Py −DPxD) ,

tJT :

Ã
x
²

!
∼ t

ÃÃ
0
0

!
,

Ã
Px 0
0 v−2

v
Py −DPxD

!
, v

!
,

tIND : x ∼ t (0, Px, vx) , ² ∼ t
µ
0,Σ� =

v� − 2
v�

vx
vx − 2

µ
vx − 2
vx

Py−DPxD
¶
, vx

¶
.

In addition, by the surrogacy assumption, the off-diagonal elements of Pxy can be expressed

in terms of Px and ρ as in (8).

Figures 2 and 3 go about here.

Shown in Figures 2 and 3 are power curves as a function of sample size for testing the

between- and within-time difference hypotheses in (23). The smooth curve was obtained

based on the asymptotic result (2) and (5), while the other saw-toothed curves were obtained

based on the exact power function implemented with MC approximations using an MC

sample size m = 500. The jagged patterns of the latter are the result of the sampling

variability among the MC samples. Despite the imperfect approximations, trend in each

power curve as a function of sample size is clearly discernible. In general, the exact power

curves based on the normal distribution are all consistently closer to the asymptotic power

curves than either the t- or the normal mixture. The asymptotic power curve tends to

overestimate the exact power for the t-distribution, while underestimate it for the normal

mixture, especially as the latter distribution becomes more skewed (as measured by larger

values of κ2).

Between the two t distributions, the asymptotic power curves seems to provide a better

approximation for the independent than the joint t model. This differential accuracy may

be in part due to the different asymptotic behaviors of the estimate, bρt, under the two t

models; bρt has an asymptotic normal distribution under the former, while an asymptotic t
distribution under the latter t model[53]. Thus, while accuracy in approximation improves

13



for tINT as sample size increases, no such improvement is expected of tJT if the degree of

freedom remains small.

We next devised an approach to address the impact of the surrogacy assumption (6).

To this end, we considered a class of auto-regressive type models for which the surrogacy

assumption fails. By simulating data under this scenario, we are able to assess the robustness

of the power estimates against departures from the surrogacy assumption.

Example 3. Consider the following linear model:

yt =
X

|l−t|≤∆
βt ζ

|l−t|xl + �t, 0 ≤ ζ < 1, 1 ≤ t ≤ m, (27)

where∆ is a known integer, ζ a known constant and (x, ²) follows one of the four distributions

considered in Example 2. The integer, ∆, determines the number of neighboring x terms

upon which yt depends in addition to xt, i.e.,

[yt | x1, . . . , xm] = [yt | xt−∆, . . . , xt−1, xt, xt+1, . . . , xt+∆] .

In the special case when ∆ = 0, (27) reduces to (26). Given ∆, ζ indicates the strength

in which yt depends on such neighboring x terms, i.e., the smaller the ζ, the weaker the

dependence. By replacing D with G given below,

gtl =

(
βt ζ

|l−t| if max (t, t−∆) ≤ l ≤ min (t, t−∆)

0 if otherwise
, 1 ≤ t, l ≤ m, (28)

(27) is also readily expressed in the matrix form as in (26) (Appendix C). Note that although

similar in appearance, (27) is not an auto-regressive model in the time series literature[54].

The latter only involves one variable yt at various times t, but (27) involves two different

variables xt and yt.

It follows from (27) that (Appendix C):

βt =

⎛⎝X
l∈Γt

ζ |l−t|ρxtl

⎞⎠−1 ρt, Γt = {l; |l − t| ≤ ∆} , (29)

Thus, unlike the models in Example 2, βt no longer has the interpretation of being the

correlation between xt and yt. Further, since

ρxyst =

⎛⎝X
l∈Γt

ζ |l−t|ρxtl

⎞⎠−1⎛⎝X
l∈Γt

ζ |l−t|ρxsl

⎞⎠ ρt 6= ρxslρt, (30)
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condition (6) fails for this class of models. Note that the expression above shows that the

dependence of yt on the neighboring x terms diminishes as s gets further apart from t. In

addition, as ζ → 0, ρxyst → ρxslρt, i.e., model (26) is the asymptote of (27) as ζ → 0.

Figure 4 and 5 go about here.

Shown in Figures 4 and 5 are power curves as a function of sample size for testing the

two hypotheses (23) based on the exact and asymptotic power functions. Again, the exact

power function was implemented with the MC method using a sample size m = 500. Since

condition (6) fails for these models, two approaches were used to obtain the asymptotic

power curves. One was based on (2) and (5), while the other was obtained by imposing

the surrogacy assumption in addition to these conditions. Thus, the comparison of the

two asymptotic power curves provides information on the robustness of the power estimates

obtained under the surrogacy assumption.

As in Example 2, power curves based on the two asymptotic approaches provide good

estimates for the normal distribution. Again, the asymptotic approaches overestimate power

for the t-distributions, while underestimate it for the normal mixture. Between the two

t curves, tIND again is closer to the asymptotic power curves than tJT . As shown in

Figures 4 and 5, the power function does not seem to depend much on ∆ and ζ of the auto-

regressive models, which characterize the degree of departure from the surrogacy assumption

(6). Between the two asymptotic power curves, they are very close to each other. Thus,

at least for the auto-regressive type models (27), the power estimates under the surrogacy

assumption are pretty robust.

4 Discussion

By introducing a surrogacy condition, we have proposed an approach for effectively reducing

the parameters in the asymptotic variance of the joint correlated Pearson-type correlation

estimates from clustered study designs under the normal data assumption for power analysis.

By reducing the input parameters to the minimum, the proposed approach not only improves

the robustness of power and sample estimates, but also makes it practical to use in most real

studies.
Although the general impact is unknown, our simulation results seem to show that power

estimates obtained under the surrogacy assumption are robust against departures from this

assumption. Indeed, for the class of hypotheses and models considered in our simulation

15



study, the difference between the two power estimates obtained with and without this surro-

gacy assumption is almost negligible for all practical purposes. Thus, the proposed approach

may be applied to more general models other than those that satisfy the surrogacy condition.

The simulation results also show that the asymptotic distribution of the correlated correla-

tion estimates is not robust against departures from the normal data distribution. Thus,

if data are suspected to follow some non-normal distribution, the asymptotic distribution

may not be used and power/sample size estimates may be calculated using other alternative

methods such as the one based on the exact power function, as discussed in Section 3.
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Appendix

A. We show that the surrogacy condition (6) is satisfied for the class of linear regression

models (7) under the distribution assumptions in (22).

For simplicity and without loss of generality, assume E (xt) = E (yt) = 0 for 1 ≤ t ≤ m.

In addition, assume V ar (xt) = 1 for the two normal models and V ar (xt) =
vx

vx−2 for the two

t-distributions (1 ≤ t ≤ m). Under these assumptions, β0t = 0. Also, denote β1t by βt.

By representing tINT in (22) in a hierarchical form
[52], we have:

x |λx ∼ N (0,λxPx) , ² |λ� ∼ t (0,λ�Σ�) , λx ∼ IG
µ
vx
2
,
2

vx

¶
, λ� ∼ IG

µ
v�
2
,
2

v�

¶
,

where IG (·) denotes an inverted gamma distribution. Let

ext = (x1, . . . , xt−1, xt+1, . . . , xm)> , Pt = V ar (ext|λx) , (31)

Then,

⎛⎜⎝ ext
xt
²

⎞⎟⎠ | λx, λ� ∼ N

ÃÃ
0
0

!
,

Ã
λxPx 0
0 λ�σ

2
�t

!!
, Px =

Ã
Pt αt

α>t 1

!
. (32)
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It follows that

⎛⎜⎝ ext
xt
yt

⎞⎟⎠ | λx, λ� ∼ N

⎛⎜⎝
⎛⎜⎝ 0
0
0

⎞⎟⎠ ,

⎛⎜⎝ λxPt λxαt λxβtαt

λxα
>
t λx λxβt

λxβtα
>
t λxβt λxβ

2
t + λ�σ

2
�t

⎞⎟⎠
⎞⎟⎠ . (33)

By the properties of the multivariate normal distribution[55], we have:

[yt | ext, xt, λx, λ�] ∼ N
³
µy|x, σ

2
y|x

´
, µy|x = λx

³
βtα

>
t , βt

´
λ−1x P−1t

Ã ext
xt

!
= βtxt,

σ2y|x = λxβ
2
t + λ�σ

2
�t − λx

³
βtα

>
t , βt

´
λ−1x P−1t λx

³
βtα

>
t , βt

´>
= λ�σ

2
�t.

Thus, [yt | ext, xt, λx, λ�] = [yt | xt, λ�] for all λx, λ� > 0, from which it follows that

[yt | ext, xt] = Z
[yt, λx, λ� | ext, xt] dλxdλ� = Z

[yt | xt, λ�] dFλ� = [yt | xt] . (34)

Therefore, the surrogacy condition (6) holds true for (7) under tINT .

By setting λx = λ� in the above argument, we obtain (34) for tJT and if, in addition,

λx = λ� = 1, (34) holds true for the normal model. Finally, let Bernoulli
³
1,−1; 1

2

´
denote

a Bernoulli random variable taking on values of 1 and −1 with equal probability. Assume
that λ� = 1 and λx ∼ Bernoulli

³
1,−1; 1

2

´
. Then, it follows immediately from (32) and (33)

that (34) holds true for the mixture normal NMIX .

B. For tINT , let:

x ∼ t (0, Px, vx) , ² ∼ t (0,Σ�, v�) ,

it follows from A and the properties of the multivariate t distribution that[53]:

V ar (x) =
vx

vx − 2
Px, V ar (²) =

v�
v� − 2

Σ�, E (xs, yt) =
vx

vx − 2
βtρxst, (35)

E (ys, yt) =
vx

vx − 2

µ
βsβtρxst +

vx − 2
vx

v�
v� − 2

σ�st

¶
.

By setting:

β2t +
vx − 2
vx

v�
v� − 2

σ2�t = 1, (36)
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it follows from (35) that βt = ρt and ρxyst = ρtρxst, and thus,

Py = Corr (y,y) =
vx

vx − 2

µ
DPxD +

vx − 2
vx

v�
v� − 2

Σ�

¶
, (37)

from which we obtain the expression for tINT in (26).

For tJT , it is readily checked that (36)-(37) reduce to

β2t + σ2�t = 1, βt = ρt, ρxyst = ρtρxst, Py =
vx

vx − 2
(DPxD + Σ�) . (38)

The result for tJT thus follows. By letting vx = v� → ∞ in (36)-(37), we obtain the

expression for the normal distribution.

For NMIX , we first represent this distribution in a hierarchical form as follows:

x |λx ∼ N (λxθx,Φλxx) , ² ∼ N (0,Σ�) , λx ∼ Bernoulli
µ
1,−1; 1

2

¶
.

Then, it is readily checked that:

E (x) = E (²) = 0, Px = Corr (x,x) =
1

2
(Φ−x + Φx) + θxθ

>
x , (39)

E (xs, yt) = βt

∙
1

2
(φ−xst + φxst) + θxsθxt

¸
, E (ys, yt) =

∙
βsβt

µ
1

2
(φ−xst + φxst) + θxsθxt

¶
+ σ�st

¸
.

Thus,

Corr (xs, yt) = βt
1
2
(φ−xst + φxst) + θxsθxtq

β2t + σ2�t
=

βtρxstq
β2t + σ2�t

. (40)

By setting β2t +σ2�t = 1, we obtain from (40) that ρxyst = βtρxst and thus under the surrogacy

assumption, βt = ρt. Finally, it follows from (39) that

ρyst = βsβtρxst + σ�st,

from which the expression in (26) follows.

Under the assumption (24), it is readily checked that

ω2
∙
1

2

³
1 + κ2

´
+ µ2x

¸
= ρxtt = 1, ω2

∙ eρx
2

³
1 + κ2

´
+ µ2x

¸
= ρxst.
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(25) then follows by solving for ω2 and eρx from the above set of equations.

C. For tINT , we have E (xs, yt) = βt
vx

vx−2
P
|l−t|≤∆ ζ |l−t|ρxsl. By setting:

β2t
X

|l−t|≤∆,|k−t|≤∆
ζ |k−t|+|l−t|ρxkl +

vx − 2
vx

v�
v� − 2

σ2t = 1,

we obtain

ρxyst = βt

⎛⎝ X
|l−t|≤∆,|k−t|≤∆

ζ |l−t|ρxsl

⎞⎠ , Σ� =
vx

vx − 2
v� − 2
v�

µ
vx − 2
vx

Py −GPxG
>
¶
.

The cases for tJT , the normal and normal mixture are obtained by following a similar argu-

ment.
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Cross-variable (x, y) correlation at pre-treatment ρ1: 0.4 | 0.6 | 0.8 | 0.9

Within-variable Within-variable x correlation ρx
y correlation ρy 0.2 0.5 0.8

Intent-to-treat sample (n = 72)
0.2 0.37 | 0.32 | 0.22 | 0.13 0.36 | 0.31 | 0.22 | 0.14 0.35 | 0.31 | 0.23 | 0.17
0.5 0.33 | 0.28 | 0.19 | 0.11 0.29 | 0.25 | 0.17 | 0.12
0.8 0.22 | 0.19 | 0.12 | 0.07

Completer sample (n = 60)
0.2 0.41 | 0.36 | 0.25 | 0.15 0.39 | 0.35 | 0.25 | 0.16 0.38 | 0.34 | 0.26 | 0.21
0.5 0.36 | 0.31 | 0.21 | 0.13 0.32 | 0.28 | 0.18 | 0.10
0.8 0.25 | 0.21 | 0.14 | 0.08

Table 1: Minimum detectable difference δ between pre- and post-treatment to achieve 0.80
power based on a one-sided α = 0.05 under a uniform compound symmetry structure for
both within-variable correlations Pg (g = x, y).
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Figure 1: Diagram illustrating the calculation of CVC correlation ρxyst using WVC correla-
tions ρxst and ρt.
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Figure 2: Asymptotic (dot-dashed line) and exact power curves as a function of sample
size for testing between-time difference (23) under t- ((a)-(c)) and normal mixture ((d)-(f))
distribution. For t-distributions with v� = vx = v, (a) v = 4; (b) v = 7; and (c) v = 10.
For normal mixture, (d) µ = 0.5, κ2 = 1; (e) µ = 1, κ2 = 2; and (f) µ = 2, κ2 = 9. Exact
power curves for tINT (dashed line), tJT (dotted line), N (solid line) and NMIX (short-long
dashed line) are based on Monte Carlo method.
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Figure 3: Asymptotic (dot-dashed line) and exact power curves as a function of sample
size for testing within-time difference (23) under t- ((a)-(c)) and normal mixture ((d)-(f))
distribution. For t-distributions with v� = vx = v, (a) v = 4; (b) v = 7; and (c) v = 10.
For normal mixture, (d) µ = 0.5, κ2 = 1; (e) µ = 1, κ2 = 2; and (f) µ = 2, κ2 = 9. Exact
power curves for tINT (dashed line), tJT (dotted line), N (solid line) and NMIX (short-long
dashed line) are based on Monte Carlo method.
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Figure 4: Asymptotic and exact power curves as a function of sample size for testing between-
time difference (23) based on auto-regressive model (27) under t- and normal mixture dis-
tribution, with (a)-(c) ∆ = 3; (d)-(f) ∆ = 4; (a) and (d) ζ = 0.2; (b) and (e) ζ = 0.5; and
(c) and (f) ζ = 0.9. For t-distributioins, v� = vx = v = 4 and for normal mixture, µ = 2,
k2 = 9. Asymptotic curves are obtained under (dot-dashed line) and without (dots-dashed
line) surrogacy condition, while exact power curves for tINT (dashed line), tJT (dotted line),
N (solid line) and NMIX (short-long dashed line) are based on Monte Carlo method.
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Figure 5: Asymptotic and exact power curves as a function of sample size for testing within-
time difference (23) based on auto-regressive model (27) under t- and normal mixture dis-
tribution, with (a)-(c) ∆ = 3; (d)-(f) ∆ = 4; (a) and (d) ζ = 0.2; (b) and (e) ζ = 0.5; and
(c) and (f) ζ = 0.9. For t-distributioins, v� = vx = v = 4 and for normal mixture, µ = 2,
k2 = 9. Asymptotic curves are obtained under (dot-dashed line) and without (dots-dashed
line) surrogacy condition, while exact power curves for tINT (dashed line), tJT (dotted line),
N (solid line) and NMIX (short-long dashed line) are based on Monte Carlo method.
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