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We examine the usefulness of Bayesian statistical methods for the modeling of biochemical reactions. With

simulated data, it is shown that these methods can effectively fit mechanistic models of sequences of enzymatic

reactions to experimental data. These methods have the advantages of being relatively easy to use and producing

probability distributions for the model parameters rather than point estimates, allowing more informative inferences

to be drawn.

Three Markov chain Monte Carlo algorithms are used to fit models to data from a sequence of 4 enzymatic

reactions. The algorithms are evaluated with respect to the goodness-of-fit of the fitted models and the time to

completion. It is shown that the algorithms produce essentially the same parameter distributions but the time to

completion varies.

1 Introduction

We know a great deal about the individual components of living organisms but much less about the properties of

the systems of which they are a part. Our ignorance in this regard prevents us from developing a deeper theoretical

understanding of living systems and from developing more effective methods for altering the system behavior in

beneficial ways.

In order to gain some insight into the properties of biological systems, we would like to use quantitative models

that describe the processes at the molecular level. Specifically, we would like to develop methods that can be used

to deduce the kinetic parameters of enzyme-catalyzed reactions. With this information, it should be possible to

identify the most effective control points in a pathway and modify the pathway behavior in predictable ways.
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An example of how a model of a biochemical pathway could be used is in the elucidation of a mechanism for

the pathology seen with diabetes. There are thought to be four mechanisms that explain hyperglycemic toxicity in

diabetes [1, 2]. One mechanism is illustrated in Figure 1.

[Figure 1 about here.]

Some of the damage to tissue components seen in diabetes is thought to be the result of reactions with gly-

colytic intermediates such as methylglyoxal. Nishikawa et al. [3] have hypothesized that this is caused by the

increased catabolism of glucose in diabetes which leads to an increase of superoxide anion (O−
2 ). Superoxide

is known to inhibit the enzyme glyceraldehyde-3-phosphate dehydrogenase (G3PDH) by about 50% under these

conditions. The inhibition of this enzyme then increases the concentration of glyceraldehyde-3-phosphate (G3P)

and dihydroxyacetone phosphate (DHAP) which breaks down to form methylglyoxal, an active aldehyde which

readily reacts with and inactivates proteins. To test this hypothesis we need to be able to answer questions such as:

Is the observed inhibition of glyceraldehyde-3-phosphate dehydrogenase by 50% sufficient to explain the observed

increase in methylglyoxal concentration? If not, then what other mechanisms might be operative? What is the

most effective way to modulate these reactions? We address these questions by developing analytical methods that

will allow us to characterize these types of biochemical systems at the molecular level.

We used a Bayesian modeling approach with fitting via Markov chain Monte Carlo (MCMC) methods [4, 5]

to estimate the kinetic parameters of the enzymes in a metabolic pathway. With this approach we can combine

known information about the pathway with newly-generated experimental data to produce the joint probability

density of all of the parameters. This joint probability density can then be used to answer various questions about

the behavior of the system.

We explored the utility of the Bayesian approach using a simulation technique: First we generated data for

hypothetical sequences of enzymatic reactions, and then we fit models to this data using Bayesian methods. The

biochemical data is generated using Gillespie’s stochastic simulation algorithm [6]. This algorithm is based on

well-established chemical kinetic theory and thus has a firmer physical basis than alternative methods based on

differential equations. It also naturally incorporates the fluctuations that result from the probabilistic nature of

chemical reactions. The algorithm has been validated with data from many chemical reactions and has been used

in many biochemical simulators, e.g., [7, 8]. While the algorithm appears to give good results with biochemical

reactions, it should be borne in mind that the underlying kinetic theory assumes well-mixed, freely diffusing

reactants, an assumption that will not always be valid with biochemical systems.

We simulate perturbation experiments. In these experiments, the concentration of the first reactant in a pathway

is transiently increased and the concentrations of all the reactants is monitored as they return to a steady state. This

type of experiment is quite feasible with cultured animal cells or suspensions of microbial cells such as yeast, and

it yields information on the behavior of the pathway as a single system.

MCMC simulation was found to be a very useful method for fitting systems of equations to data. It is capable of

fitting several equations simultaneously, and does not require an excessive number of data points. A very attractive
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feature of the method is that it produces realistic estimates of the variance and covariance of the parameters which

are useful for inference.

2 Methods

2.1 The Pathway

We examined pathways containing 3, 5, 7, and 9 reactions with both linear and branched structures using two sets

of parameter values. As essentially identical modeling performance was obtained for each, we present only the

results for a 5-reaction sequence, sampled at 12, 16, or 25 time points with 3 replicates at each time point. The

units for time and concentration are arbitrary; for the purpose of illustration we will use minutes as the unit of time

and micromoles/liter (µM) as the unit of concentration.

The reaction sequence is

source−→ R1−→ R2−→ R3−→ R4−→ R5−→ sink (1)

and the equations that were used in the Gillespie simulation are

source
k1−→ R1

R1+E1
k2−⇀↽−
k3

R1E1
k4−→ R2+E1

R2+E2
k5−⇀↽−
k6

R2E2
k7−→ R3+E2

R3+E3
k8−⇀↽−
k9

R3E3
k10−→ R4+E3

R4+E4
k11−⇀↽−
k12

R4E4
k13−→ R5+E4

R5
k14−→ sink

2.2 The Experiment

To estimate the kinetic parameters of the enzymes in a sequence of reactions, we need to find expressions of the

form

reaction velocity = f ([substrate], [enzyme])

These expressions are found by perturbing a reaction network and observing the metabolite concentrations as the

system relaxes back to a steady state. Specifically, the Gillespie simulation was run with the initial values for the

reactant concentrations until a steady state was achieved. The steady state appeared to have been reached by time

= 15 min. At time = 20 min the concentration of R1 was increased to 10000 µM. At the indicated time points

the metabolite concentrations are measured, and each reaction velocity is calculated as the slope of the curve of
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metabolite concentration as a function of time.

2.3 The data

For the 5-reaction sequence of reactions the perturbation of R1 at time = 20 results in the time courses plotted

in Figure 2. For each time point there are 5 values for the reactant concentrations and 5 values for the estimated

reaction rates. The data at each time point was generated by sampling 3 values for each reactant from a normal

distribution centered on the Gillespie output and with a standard deviation of 50 µM, i.e., the measurement error is

50 µM. Three sets of time points containing 12,16, and 25 points were used. The reaction velocities were estimated

with the smooth.spline() function in R [9].

Note that we are dealing with two different types of distributions. One is the distribution of data values that

arises from experimental error. The other is the distribution of model parameter values generated by MCMC

simulation. Uncertainty in the parameter values is reduced by increasing the number of data points within the fixed

time interval (Figure 6) and by decreasing experimental error. Unfortunately, there is, in general, no closed form

solution for these relationships.

2.4 The Biochemical Model

Individual reactions were fit using the Michaelis-Menten equation [10] for individual enzymes. This is a reaction

of the form

E +S
k1−⇀↽−
k2

ES
k3−→ E +P (2)

where

S = substrate concentration

E = free enzyme concentration

ES = concentration of the enzyme-substrate complex

P = product concentration

It has been shown [11] that in a steady state the rate of the reaction v is

v =
VmaxS
Km +S

(3)

where

Vmax = (E +ES)k3 = maximum reaction velocity

Km =
k2 + k3

k1
= substrate concentration at half-maximal velocity
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This form of the equation is very useful because v and S are usually measurable and Vmax and Km can be obtained

by fitting equation 3 to the data. In contrast, modeling v as a function of the individual rate constants is less useful

because that requires the measurement of the concentration of the enzyme-substrate complex which is technically

difficult.

In this application we are dealing with sequences of reactions which are not in a steady state, so we cannot use

the Michaelis-Menten equation directly. Instead, we use equations of the form

v =
aS

b+S
− cP

d +P
(4)

The coefficients a, b, c, and d in the equations can be estimated with data obtained following a change in the

concentration of one of the reactants. For example, four equations can be fit to the data plotted in Figure 2:

dR2
dt

= v2 =
d1R1

d2 +R1
− d3R2

d4 +R2

dR3
dt

= v3 =
d3R2

d4 +R2
− d5R3

d6 +R3

dR4
dt

= v4 =
d5R3

d6 +R3
− d7R4

d8 +R4

dR5
dt

= v5 =
d7R4

d8 +R4
−d9R5

[Figure 2 about here.]

2.5 Statistical Models

The statistical model of the parameters is the product of a prior distribution and a likelihood distribution, where the

prior expresses our current understanding of the parameter values (via probability distributions) and the likelihood

is our model for the probability of the parameters given the data.

The distributions of the parameters to be estimated (rate constants, di; and the common standard deviation of

the observed measurements σ), are necessarily non-negative and have maximum values that are bounded by the

physical nature of the system. Consequently, we model each of these parameters using scaled χ2 distributions with

5 degrees of freedom:
3di

d∗i
∼ χ

2
5

and
3σ

σ∗
∼ χ

2
5

where {d∗i } and σ∗ are estimates of the corresponding parameters before any data are collected. These distributions

are strictly positive, place the modes of each di at d∗i (σ at σ∗), and have standard deviations of 3
√

10 d∗i ≈ 9.5 d∗i
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( 9.5σ∗). For our modeling, we selected d∗i ≡ 50 µM and σ∗i ≡ 2 µM (see figure 3).

[Figure 3 about here.]

The likelihood is the probability of the estimated reaction velocities v j given the model. The error in the

velocity estimates is assumed to be N(0,σ2) so that the reaction velocities v j have a normal distribution:

v j ∼ N(ψ j,σ
2)

where

ψ j =
aS j

b+S j
−

cPj

d +Pj

The observed data consist of values for v j, S j, and Pj. For example, for the 5-reaction model we have

v2 ∼ N
(

d1R1
d2 +R1

− d3R2
d4 +R2

, σ
2
)

v3 ∼ N
(

d3R2
d4 +R2

− d5R3
d6 +R3

, σ
2
)

v4 ∼ N
(

d5R3
d6 +R3

− d7R4
d8 +R4

, σ
2
)

and

v5 ∼ N
(

d7R4
d8 +R4

−d9R5, σ
2
)

In this case there are 10 parameters to be estimated: the 9 coefficients d1 – d9 and σ2.

2.5.1 MCMC sampling algorithms

The efficiency of a MCMC simulation [4, 12] depends heavily on the method used to find candidate points to add to

the Markov chain [q(·|·)]. For this reason, different methods have been developed to increase the efficiency of sam-

pling. We have used three algorithms from the Hydra library [13]: component-wise Metropolis, all-components

Metropolis, and Normal Kernel Coupler [14].

The component-wise Metropolis and the all-components Metropolis algorithms both operate on single Markov

chains. The component-wise algorithm (Figure 4a) generates candidate points by changing the value of only one

component (dimension) of the current state at each iteration by sampling from a univariate normal distribution

centered at the current point.

[Figure 4 about here.]

The all-components algorithm (Figure 4b) changes all the components simultaneously by sampling from a

multivariate normal distribution centered at the current point. The component-wise Metropolis algorithm has the

6



advantage of simplicity but may move very slowly if the components are highly correlated. The all-components

Metropolis avoids the problems with correlation, if an appropriate covariance matrix is supplied, by updating all

components simultaneously but may perform poorly in high dimensions. A problem with both of these algorithms

is that if the component distributions have two or more modes separated by areas of low probability, the simulator

can get stuck in the vicinity of one mode and fail to visit the other. The NKC algorithm is designed to avoid this

difficulty.

The Normal Kernel Coupler (NKC) algorithm operates on multiple chains, so that there are several “current”

states. The NKC uses a normal kernel density estimate based on the entire set of current states as the proposal

distribution for choosing candidate states. Since the algorithm uses the entire set of current points it can move over

areas of low probability in the parameter space, especially if the user takes care to seed the starting set with a few

points in each mode.

2.6 Computation

2.6.1 Tuning

All three MCMC algorithms require an appropriate covariance matrix to move efficiently through the parameter

space. The optimal covariance matrix for each method is a scaled version of the true covariance matrix. To

obtain this covariance matrix, we performed several runs of the all-components algorithm. After each run, two

calculations were performed. First, an estimate of the posterior covariance matrix was computed from the MCMC

output to be used in the next run. Second, mcgibbsit (see 2.6.3 below) was used to estimate the necessary length

of the next run. Only three runs were required to achieve both an acceptable estimate according to mcgibbsit and

a covariance matrix with good performance for all three algorithms.

2.6.2 Execution

To enable a “fair” comparison between the methods, each MCMC algorithm was started at the same starting point

(jittered to provide the multiple starting states of the NKC) and the proposal covariance was set to an appropri-

ately scaled version of the posterior covariance matrix described above. With this covariance matrix, each of the

algorithms demonstrated an appropriate acceptance rate.

2.6.3 Convergence

The MCMC simulations were run until the Markov chains have reached stable distributions as assessed by the

mcgibbsit algorithm [14]. mcgibbsit calculates the number of iterations necessary to estimate a user-specified

quantile q to within±r with probability s, i.e., mcgibbsit indicates when the MCMC sampler has run long enough to

provide good credible interval estimates. The defaults, which are used in this paper, are q = 0.025, r = 0.0125, and

s = 0.95. These values generate estimates of the 2.5% and 97.5% quantiles to ± 0.0125 quantiles with probability

0.95.
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2.6.4 Burn-in and Thinning

Many MCMC papers recommend the removal of an initial “burn-in” segment of the MCMC run since these initial

MCMC samples can can be heavily influenced by the initial starting point, and can result in bias in the computed

estimates. We adopted an alternative approach to avoiding bias in our estimates; each MCMC sampler was run

until mcgibbsit was satisfied that the quantile estimates were properly estimated. One necessary condition for

mcgibbsit to declare that these quantiles are properly estimated is stability of these estimates. This will only occur

once any extreme initial points in the MCMC chain have been overwhelmed by later points more representative of

the true posterior distribution.

Likewise, the high serial correlation of most MCMC samples has induced many MCMC papers to recommend

thinning the output of the MCMC sampler by discarding all but 1 out of,say, every 10 or 100 generated values.

While this does not improve in the quality of estimates obtained from the MCMC run itself, it can dramatically

reduce both storage requirements and run time, since writing results to disk can require considerably more time

than computing the points themselves. In our simulations, we only thinned the component-wise Metropolis (by a

factor of 250), to reduce the storage requirements for its significantly longer run length.

3 Results

All three algorithms converged to similar distributions and produced essentially the same metabolic pathway

model. The marginal distributions for the parameters were mound-shaped (Figure 5), were skewed to the right

and had thicker tails than normal distributions.

[Figure 5 about here.]

The effect of the number of data points within a fixed time window on the parameter distributions can be seen

in Figure 6.

[Figure 6 about here.]

We see some improved precision as the number of points increases from 16 to 25 but it is not pronounced. Overall,

the reduction in width varied from 18-fold for d9 and 9-fold for d1 to 1.5-fold for d4. Figure 7 is an example of a

bivariate scatterplot of the distributions. There is strong correlation between some pairs of parameters, e.g., d1 –

d2, but no evidence of multi-modality.

[Figure 7 about here.]

The value of the posterior probability density for inference was assessed graphically. The posterior density was

used to find the maximum posterior density estimate for the model parameters and the 95% credible intervals. The

fits of the resulting models to the 16-point data set is shown in Figure 8. Quantitative measures of the fits for

[Figure 8 about here.]
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all the algorithms are given in Table 1.

[Table 1 about here.]

These measures of model fit could be used to compare the usefulness of different models though we have not done

this for this paper.

Rates of convergence are illustrated in Figure 9. The

[Figure 9 about here.]

mean sums of squared residuals (SSQ) are plotted vs. the number of likelihood evaluations for the three algorithms.

The relatively long convergence time for the 1-component Metropolis algorithm is a result of the high correlations

between some of the parameters (Figure 7). With the 1-component Metropolis algorithm, one parameter is updated

for each evaluation of the likelihood method, i.e., the algorithm searches the parameter space by moving parallel

to the axes and thus it samples a density with a diagonal axis of symmetry very slowly. This is not a problem with

the all-component Metropolis and NKC algorithms since they update all the parameters at each iteration.

We performed all MCMC runs on on a 3.2GHz P4 machine with 1GB of memory. The 1-component algorithm

required 1–2 hours to achieve appropriate estimates, while only 1 minute was required for the all-components and

Normal Kernel Coupler algorithms.

4 Discussion

We are interested in assessing the usefulness of Markov chain Monte Carlo (MCMC) methods for the fitting of

models of metabolic pathways. Fitting metabolic pathway models can be difficult because pathways are described

by sets of reaction rate equations with overlapping sets of parameters. We have found that the MCMC algorithms

handle this situation well, and produce reasonable joint probability densities for the model parameters. This output

can be used for the estimation of confidence intervals for the parameters and the detection of correlations and

multimodality. Thus MCMC compares favorably with maximum likelihood methods that produce point estimates

of the parameters and nonlinear regression methods that find approximations of the parameters and their variances.

MCMC methods and Bayesian statistics are particularly useful for modeling networks of biological reactions.

These networks typically are modeled by large numbers of parameters and frequentist methods require at least

as many observations as there are parameters to fit a model. In contrast, Bayesian methods incorporate our prior

knowledge of the system and use the experimental data to refine the estimates (Figure 6). Thus the model fitting

procedure described here lends itself to iterative experimentation where the experimental results, even if they

consist of a single datum, can be used to update the prior for the next experiment.

The models used here have the form of the Hill function, xn

θn+xn , with an exponent of 1. This form was chosen

because the functions exhibit two of the characteristics of enzyme-catalyzed reactions: linearity at low concen-

trations of substrate and saturability. This, of course, is also the form of the Michaelis-Menten equation. These
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functions have the reactant concentrations as the independent variables since they are quantities that are relatively

easy to measure. A drawback with these models is that they describe irreversible reactions whereas most enzymatic

reactions are reversible. We have tried using a model of reversible reactions, the Haldane equation, but it does not

fit the data from a perturbation equation very well. It can be used with MCMC simulation for multiple steady

states, a situation we will continue to examine.

Three algorithms from the Hydra library were used. Two of the algorithms, the component-wise Metropolis

and the all-components Metropolis algorithms, are conceptually simple and execute fairly quickly when there is not

too much structure in the joint density. The third algorithm, the Normal Kernel Coupler, is more computationally

intensive but it can sample from complex densities more efficiently than the other two algorithms.

All three algorithms produced very similar results but the execution times varied considerably depending on the

size of the model. The all-component Metropolis and NKC algorithms converged quickly while the 1-component

algorithm was quite slow to converge. This is undoubtedly due to the high correlations between some parameters

(see Figure 7). The 1-component algorithm has trouble sampling from this density because it is restricted to moves

parallel to the coordinate axes. This is less of a problem for the all-components and NKC algorithms since they

can move diagonally.

Each of the algorithms produced essentially identical results. The mean squared residuals are very similar, as

are the calculated values for R2
ad j. These values are indicative of a useful fit of the models to the data, demonstrating

the usefulness of the MCMC approach. The derived probability densities can be used both to obtain good parameter

estimates as well as reveal the joint covariance of the parameters. The result is a well-fitted model with realistic

confidence intervals (Figure 8).

In this paper we have developed models of linear sequences of irreversible biochemical reactions and shown

that several Markov chain methods can be used to generate useful fits of the models to simulated data. We also have

shown that the results so obtained are unique in that they provide probability density estimates as opposed to simple

point estimates for the parameters. The probability densities are useful for inference since they make evident the

correlations between parameters. Lastly, we outlined areas for further research. Thus, this paper provides a starting

point for the future development of tools for modeling complex biochemical pathways.
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Figure 1: Production of methylglyoxal in hyperglycemia
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Figure 2: Reactant concentrations following a pulse of R1 at time = 20 for the sequence of reactions R1 → R2 →
R3→ R4→ R5→ sink.
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Figure 5:
Histograms of the marginal probability distributions for the 5-reaction model generated with the all-components
Metropolis algorithm and the 16-point dataset. The curves are normal densities with means equal to the medians
of the distributions and variances equal to the variances of the distributions. Broken vertical lines indicate the
parameters values that minimize the mean squared residuals.
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Figure 6: Posterior distributions for selected parameters fitted using the all-components algorithm. For each pa-
rameter, the model was fitted with 4 different time point granularities across the fixed time interval: ——— prior
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Figure 7: Bivariate scatter plots of the parameter distributions for the 5-reaction model found with the all-
components Metropolis algorithm (upper triangle); correlation coefficients (lower triangle). The vertical and hori-
zontal lines indicate the maximum likelihood estimates of the parameters.
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Figure 8: Maximum Posterior Density and 95% Posterior Credible Region Curves obtained for the 16-point data
using the all-components algorithm. The solid curve shows the maximum likelihood estimate for the same model
obtained with the L-BFGS-B algorithm [15] as implemented in the R optim() function.
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Figure 9: Mean squared residuals vs. number of likelihood evaluations for the 5-reaction model
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Table 1: Mean squared residuals
mean residual SSQ ×10−4 R2

ad j

algorithm 12 pt. 16 pt. 25 pt. 12 pt. 16 pt. 25 pt.

1-comp 1.34 0.83 1.06 0.87 0.92 0.86
all-comp 0.74 0.93 0.74 0.93 0.90 0.90

NKC 0.86 0.73 0.71 0.92 0.92 0.91
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