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There has been increasing interest recently in model averaging within the frequentist paradigm.
The main benefit of model averaging over model selection is that it incorporates rather than ignores
the uncertainty inherent in the model selection process. One of the mostimportant, yet challenging,
aspects of model averaging is how to optimally combine estimates from different models. In
this work, we suggest a procedure of weight choice for frequentist model average estimators that
exhibits optimality properties with respect to the estimator's mean squared error (MSE). As a basis
for demonstrating our idea, we consider averaging over a sequence of linear regression models.
Building on this base, we develop a model weighting mechanism that involves minimizing the
trace of an unbiased estimator of the model average estimator's MSE. We further obtain results
that reflect the finite saWe as well as asymptotic optimality of the proposed mechanism. A Monte
Carlo study based on sin@(ed and real data evaluates and compares the finite sample properties
of this mechanism with thos&ﬁ isting methods. The extension of the proposed weight selection
scheme to general likelihood r@ is also considered. This article has supplementary material
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1 INTRODUCTION

It has been recognized that model selection neglects the uncertainty associated with the selection
process, hence inference based on the final model can be seriously mislegdihgrid Claeskens

2003. Traditional model selection procedures pick the best rhibwdé: can explain the data at hand
according to some model assessment criteria. The investigator then proceeds as if this model has
been decided upaapriori. Conditional on the model chosen, statistical inference is typically con-
ducted based on the corresponding conditional distribution of the parameter estimators. Standard
errors conventionally estimated under such circumstances are well-known to underreport variabil-
ity (Danilov and Magnu,goo4b Hjort and Claesken2003. Model averaging, on the other hand,
provides a coherent mecg) for accounting for this model uncertainty through combining pa-
rameter estimates across diffe‘émodels. When working with a distribution that is unconditional
on the selected model, it incorperSﬁJ[her than ignores the uncertainty inherent in the model

selection process. O/\

Model averaging has long been a popular\%\ique among Bayesian statisticians. Reviews of
the relevant Bayesian literature can be foundHmet t al.(1999; Raftery et al.(1997. One
major criticism of Bayesian model averaging is that t ociedure typically involves mixing a
large number of priors regarding the unknowns, and it is L(@ar what the consequences will be
when some of the priors are in conflict. Despite a growing freq@}tist model averaging literature,
it would be fair to say that frequentists remain a distinct minority among those who advocate
model averaging. However, this imbalance may soon be reconciled with some significant progress
made in the frequentist literature in recent yedBsickland et al(1997), for example, proposed
a frequentist model weighting method according to values of a model selection crit¥dng;
(2001, 2003 developed an adaptive regression by mixing methodn and Yand2005 further
built on this method by proposing a model screening step prior to implementing adaptive regression
by mixing; Hjort and Claesken@003 established a local misspecification framework for stugyin
properties of post-selection and model average estimatord;eunty and Barro2006 discussed

a mixture least squares estimator with weights depending on the risk characteristics of the mixture
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estimator. The recent monograph @aeskens and Hjorf2008 provided a useful summary of
same of the progress that has been made in this area.
In a recent articlelHansen(2007) proposed a frequentist model average estimator with weights
obtained by a minimization of the Mallows criterion (see a&wen and Huang2006 who pro-
posed a similar criterion). The justification of this method lies in the fact that the Mallows criterion
is asymptotically equivalent to the squared error, so the model average estimator that minimizes the
Mallows criterion also minimizes the squared error in large samples. Hansen’s simulation results
showed that the Mallows model average (MMA) estimator generally outperforms model average
estimators based on the Akaike Information Criterion (AIC) and Bayesian Information Criterion
(BIC) weights when theﬂeasures of variability obtained by using these estimators are compared
in terms of the average %ed error loss for the conditional mean prediction of the dependent
variable. ,b
Hansers (2007 approach maerol siﬁrjificant step toward the developmertivhal weight
choice in the frequentist model average@)lnator. Now; ket ann x 1 vector,H be ann x P

matrix of full column rank,H, be ann x p ( < f))matrix comprising the firsp columns ofH,

and(wy,ws, ...,wp)" be a weight vector. The mod ’?age estimator considered by Hansen is of

o - Z: o ( (H;,Hp())lpﬁé "

It is readily seen tha®,,... is the weighted sum of least squales estimators from a sequence

the form

of P strictly nested regression models, where temodel uses the firgt variables inH as
regressors. One fundamental requiremené);mm, therefore, is that the regressors be ordered
prior to estimation. Asymptotic results on the MMA estimator developetidgsen(2007) rely
crucially on this assumption, which poses a strong limitation to his approach.

This paper proposes a new method of weight choice for frequentist model average (FMA) es-
timators. As a basis for demonstrating our idea and to facilitate comparisons with existing FMA
estimators, we adopt the linear regression model as our main analytical framework, although as
we shall see, extensions to a more general likelihood framework are also feasible. Our set-up as-

sumes that the underlying model contains a set of focus regressors, whose inclusion in the model
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is mandatory on theoretical or other grounds irrespective of statistical significance, and a set of
auxiliary regressors whose inclusion is viewed as optional. The model containing the focus regres-
sors only is referred to as the narrow model; the extended models are those that contain the focus
regressors and possibly some or all of the auxiliary regressors. This is the same set-up used in a
number of recent papers on pretesting (eDganilov and Magnus2004gb; Magnus and Durbin

1999, and it bears similarity to the local misspecification sptefi Hjort and Claesken§003),

which also distinguishes between narrow and extended models. The mandatory inclusion of focus
regressors doawt lead to any loss of generality since the focus regressors can in practice contain
an intercept term only. Our approach to model weight selection is based on the mean squared error
(MSE) properties of theﬁ:mbined estimator. Specifically, we derive an exact unbiased estimator
of the MSE of the mode%age estimator, and propose selecting the model weights that min-
imize the trace of the MSE es%te. Unliklansen(2007), our approach does not require the
regressors to be ordered, and in cé%trast to most previously proposed weight selection schemes,
our criterion is based on analytical finite@)lple justifications. Our approach is similar in spirit to
that advocated blyeung and Barro2006), exceey\at they focused on the risk bound of the com-
bined estimator, whereas we provide an explicit waight choice criterion together with an analysis
of the asymptotic and finite sample properties of the %stimator that results from the proposed
weight choice method. Weighting schemes based on sn(o‘wed AIC (S-AIC) and smoothed BIC
(S-BIC) (Buckland et al.1997 are special cases of our propos? ethod. Our simulatiofiges

show that the estimator arising from the proposed weight selection method, which we label OPT
estimator, frequently achieves smaller risk in terms of squared error losdHdnasers (2007

MM A estimator and model average estimators based on S-AIC and S-BIC weights. While the
bulk of our analysis focuses on the linear regression model, we also show that a similar weight

choice mechanism may be crafted under a more general likelihood framework.

The presentation of this paper goes as follows. Section 2 describes the model and estimators.
In Section 3, we derive unbiased estimators of the finite sample MSEs of the FMA estimators,
along with an investigation of the finite sample and asymptotic properties of the proposed criterion.

Section 4 reports results of a Monte Carlo study based on simulated as well as real data. Section 5
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discusses the generalization of our method to general parametric models, and our conclusions are

presented in Section 6. Proofs of results are contained in the Appendix.

2 MODEL SET-UP AND ESTIMATORS
Consider the linear regression model
y=XB+Zy+e, e~ N(0,0%L,), (2)

wherey(n x 1) is a vector of observationsy (n x k) and Z(n x m) are non-random regressor
matrices, andd(k x 1) and~y(m x 1) are parameter vectors. Additionally, we assume fiiat

(X : Z) has full columnl@k + m. Here, X contains the focus regressors that must be included
in the model, whileZ contai(%\e auxiliary or doubtful regressors whose inclusion in the model is
optional. There is no loss of ge ity with this set-up becausan contain no regressor other
than an intercept term, or even be an eﬁsty matrix.

With m auxiliary regressors i, thegﬁre a maximum af” extended models to choose
between. LetV be the number of extended m@ls embodied in the model selection/averaging
process. If all extended models are considered, ‘\%2"1. The case where only the full and
narrow models are relevant correspondsMo= 2, and j@;‘cgnsider the nested set-up as in
Hansen(2007), then N = m + 1. Traditional model selecti@ocedures pick the best model
that can explain the data at hand based on some model assessgent criteria, while model averaging
combines estimates obtained from different models. Although one can argue that model selection
may be more attractive than model averaging when the true model is a candidate model, this should
not be used as a criticism against the basic principle underlying model averaging. The reason is
that there is always the possibility of selecting the wrong or even a very poor model. With model
averaging, it is not necessary to assume that the true model is among the set of considered models,
while such is not the case in typical model selection studies.

Under the above set-up, the fully restricted (i-e= 0) and unrestricted least squares estima-
tors ofJares, = (X'X) ' X'yandf, = 3,—(X'X) "' X'Z(Z' M Z)~'Z' My, respectively, where
M = I,—X(X'X)~'X’, and the unrestricted least squares estimatoi®f = (Z'MZ)~'Z'My.

4



3/17/2011

Now, letd = (Z'MZ)'/?~ andd = (Z'MZ)*/?4. Note thatd ~ N(6,021,,); in particular,d
has a covariance matrix that is a scalar multiple of an identity matrix. Hence, it is of analytical
convenience to writg}, = (3, — Q9, whereQ = (X'X)"'X'Z(Z'M Z)~Y/2. In conformity, the
(1 < i < 2™) partially restricted least squares estimatof oan be written as;) = £, —QW,4,
whereW,; = I, — Py, P, = (Z'M Z) Y28, {S(Z'M Z)~18;} "' S(Z'M Z)~'/? is anm x m sym-
metric idempotent matrix of rank; > 0, and.S; is anm x r; selection matrix of rank; so that
S! = (I,, : 0) or a column permutation thereddénilov and Magnus20048. The " partially
restricted least squares estimatonais 4, = (Z'MZ)~"/2W,0 under the restrictiors!y = 0.
Further, lets? = ||y — X3, — Z5|?/(n — k — m) be the estimator of? under the unrestricted
model. Then, an FMA aﬁimator ofin model @) may be written as

@,:9 ‘ )

,OO Bf = ; )\iB(i)a (3)

with weights satisfying,; > 0 and %1 A :0/\

Here, we concentrate on random Weightsg,é ecifically, we;lelepend orf and52. This
consideration is motivated by the following obsen’align. 4;die the number of regressors in the
i partially restricted model, then the AIC of thié modg@/,{ilf’(i) = nlog(6?) + 2(¢: + 1),
wheres? = |y — XBu) — Z4@|?/n is the maximum likeli estimator of? under thei’"
model. Note that we can writ€? = (n — k — m)62/n + é’]%é/n.éjtting the latter expression
of 62 in the AIC expression of thé” model, we observe that the AIC depends on the data only
throughd ands2. Motivated by this, we consider weights = ), (f, 62) that only depend o and
&2. Writing W = gjl)\,-l/l/,-, we can re-write the FMA estimator @ = (3, — Q4.

Note that the model considered blansen(2007 makes no distinction between focus and
auxiliary regressors, and may be stated using our notationps-ag7© + u, where®© = (5',7)
is a vector of coefficients; = Buv + ¢, B is a set of omitted regressors, andhe corresponding
coefficient vectorHansen2007) concentrated on the estimationof = HO + Bv, and evaluated
the performance D,,.., the MMA estimator o, in terms of the criterior?* = E||Hé)mma —

w*]|?, which is the risk of the estimator of the prediction vector.
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3 UNBIASED ESTIMATION OF MSE AND OPTIMAL WEIGHT CHOICE

In this section we consider the choice of weights3p (Our weight choice method is based on
an MSE minimizing estimation objective that is designed to provide MSE improvements over
other FMA estimators, especially in finite samples. Here, the MSEcciﬁ defined as the matrix

E {(Bf — ) (B — 6)’}, with its diagonal elements being the MSEs of the estimators for the indi-
vidual components of. The trace of the MSE matrix is equal to the expected squared error loss

. N 2 . .
functionF Hﬁf — (|| , known also as the risk of the estimator under squared error loss, or the weak

MSE accuracy measuréallace 1972.

To make our concept operational, we first derive an unbiased estimator of the MSETﬁe
optimal model averageygjghts are then obtained by minimizing the trace of the MSE estimate.
With appropriate modlflcatlo@}e also generalize the method to the derivation of the MSE esti-
mator of the predictofi; = H®f,%re@f = (ﬁf,yf) andy; = Z by (0 %)) is the FMA
estimator ofy corresponding tqfif. ”

O/\
3.1 Anunbiased estjmator of the MSEGof

Our principal result is stated in the following theor@%

THEOREM 1 Under model ), assuming thalxi(é, %), 1 = (,-‘,-s, N, are continuous functions
with piecewise continuous partial derivatives with respedt, tan vided that the expectations
of (8&-(63, &2)/8é) ¢’ and ¥ (defined below) exist, an unbiased estimator of the MSE of the FMA

estimatorj; is given by
MSE() = 6*(X'X) ™ = 6°QQ + {Q(L, - W8} +w(0,6%) + (6,67}, (@4
whereA®? = A A’ for any vector or matrix4, and
U(0,6%) = {(n—k —m)/2} (52) (- k=m)/2+1 /O " =k 21 (1) dt, (5)

with
N
U,(0,t) =Q {W +3 (0xi(0,1)/00) é/wi} Q. (6)
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Proof: See the Appendix.

The unbiased estimator of the MSE@f provides a basis for measuring the estimator’s pre-
cision that can be justified in finite samples. The goal of our criterion is to chiésm (3) that
minimize the trace oiM/gE(Bf). Now, from (@), it is straightforward to show that the trace of
MSE(B;) is

R(By) = 6°tr(X'X) ™" = 6°r(QQ) + {0/ (I, — W)Q'}** + 2t {w(d,67) }. 7)

However, the practical application of)(is limited to some degree by the complexity of the term
\If(é,&2), which is cumbersome to calculate. To get around this problem we remeé;e}2)

by an approximate quantity. Note that under the conditions of TheoreE};zl{\If(é,a—z)} =

ol O {\Ifl(é, &2)}, where#: /genotes expectation only with respectto(see (A.4) and its proof

in the Appendix for details). it appears reasonable to regléger?) by 620, (4, 62) in (7).
This results in the following appr%ate risk quantity:

R.(By) = 6*tr(X'X) ™" — 6°tr Q@ {0/ (L = W)QY* + 26° {W1(0,6")} . (8)

The online supplementary material provides regﬁ which show that the values prodﬁ@édb;y 5?)
typically accord with those of (4, 52) very closely. K%

We note that if the FMA estimato#; is based on the C weights, thap= e~ %(52)~"/2
/Z e~%(6%)~"/2. If the S-BIC weights are used, then = n’& ”/2/2 n=9/2(g3) /2,
Also, if one uses the smoothed residual mean squares (S- RMS)ﬁeBgtEs @nd Granget969),
then\; = (n — ¢;)(67)~ 1/ Z (n —¢;)(67)~". A natural generalization of these weights is found
in the following class of random weights:

o oy a%(n— )6

N(6,6%) = = , )
£ at(n - )5}

wherea(> 0),b(> 0) andc¢(< 0) are constants. The S-AIC weights are obtained by setting
a=e'b=0,andc = —n/2, the S-BIC weights result when= n~'/2 b = 0 andc = —n/2,

and whene = b = 1 andc = —1, \;(,6?) reduces to the S-RMS weights. Further, by setting
a=1,b =2, andc = —1, we obtain weights that correspond to the smoothed generalized cross-

validation ofCraven and Wahb@l979, which is almost identical to the average prediction MSE
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criterion due apparently to J. M. Tukey (s@&therill et al.,1986 p. 243, and_eeb and Potscher
2008 p. 898). With slight modifications, weights correspondingtie smoothed version of
Hurvich and Tsas (1989 bias corrected AIC can also be written as a special cas®.of (

Now, defineL = (I;;) andG = (g;;), wherely; = 6'(I,, — W,)Q'Q(I,, — W;)d andg,; =
(o ) LOW, Q) QI — )9 fori,j =1,....., N. Additionally, letg and¢ each be aVv x 1 vector
with ¢ consisting of the diagonal elements@fand thei'* element ofp being t{QW;Q’), i =

1,..., N. Recognizing that

ONi(6,6%) /06 = (2/71)0%(9 Az){(?)_l(fm - W)

L

putting (L0) in W, 9 glv@ (8) and usingd), we have

- Z Xi(0,6%)(65) ™ (I = W) 10, (10)

Ro(3;) = &r(X'X)~ Q@QQ )+ X(a, b, ¢)LA(a, b, ¢)
—(4/n)c6* N (a, b, c)G'(@b c) +26°N(a, b, c)¢ + (4/n)ca*N (a, b, c)g, (11)

where\(a, b, ¢) isanN x 1 vector comprising\; w;: ..., N. We usexq, b, andc, defined

in equation 9), as arguments of to emphasize the f these parameters in the optimal weight
choice. The primary goal is to select the appropriate val@ﬂfandc in A(a, b, c¢) that minimize

(11). Let A\(a*, b*, c*) be such a vector. We call the esﬂma;&;r(o?espondlng ta(a*, b*, ¢*) the
optimal FMA estimator (labeled as OPT estimator hereafter).

Before proceeding further we want to draw readers’ attention to the following special case.
Suppose we set= 0 in (11), then the weights;’s in (9) reduce to deterministic weights. For this
special case, if we consider mixing onfy, and3, (i.e., all the regressors ifi are either in or out),
then minimizing (1) with respect tqa, b) leads to the estimator

5= {1 SMQQ) } 5 SQQ)
18 — BrlI? 118 — B

which turns out to be the James-Stein type estimator studikamrand White(2001). In view of

——==p, (12)

the fact that it is obtained from minimizing.{), Bjs is also an optimal estimator by our criterion

if one restricts attention to the sub-space ef 0. Clearly, the OPT estimator that minimizesly
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(regardless of the value @) has optimal properties among a broader class of estimators. In this

senseﬁjs is sub-optimal with respect to our criterion when compared to the OPT estimator.

3.2 Anunbiased estimator of the MSEQf

With some efforts the preceding framework of finding optimal weights may be generalized to
encompass the estimation of the vegtor H©O, which is the conditional mean prediction of the

dependent variable. Denote the FMA estimator @fs
uf_H@f_HZA (0,6%)00 = SN0, 6% 1. (13)

where i) = HO), anﬂ;)(,-) is thei'" partially restricted least squares estimatorcofNote

that when there is no ma ry regressor, ke-, 0, g does not exist, and thus there is no FMA
S\

estimator of3; on the other han(ﬁ& averaggnf exists whether or not there are focus regressors

in the model. In this casé), reducQ ﬁande = )22y

THEOREM 2 Under model 2) and the same/carkuyons as in Theorem 1, an unbiased estimiator
the MSE ofi; is given by 4&9

MSE(jif) = &*X(X'X)7' X' + ¢ (6,6%, XQ, (XQ)’)@ (6,6%, xQ.{2(Z2 M2z)~'})

—¢(0,6%,2(2M2)7*(XQ)) + ¢ (6,6 2,2@;‘ 222 Mz)7 YY),

(14)
where
2(6,6% D1, Dy) = ~6*D1 Dy + Dy { (L, — W)} ™ Dy + D,=(8,6%) Dy
+D{=(0, &2)}’172, (15)
2(0.5%) = ((n— k= m)/2)(e) 0+ [Tk E 6 pa, (16)
and
N
(0,
=0 z é Do (17)



3/17/2011

Proof: See the Appendix.
The trace o/ SE(jis) is

R(iiy) = ko® +tr{p(0,6°, XQ,(XQ))} —2r{p(6,6%, 2(2M2)",(XQ))}

Hr (0,62, Z(2' M 2)7* {2(2' M Z)7 Y] (18)

Note that all terms except the last itd] and (L8) vanish when no regressor is considered manda-
tory.

To overcome the computational difficulties associated wid), @nd noting that’;- {E(é, 6—2)}
= 0°F;» {Z1(0,6%)} under the conditions of Theorem 1, we repla&@, 5%) by 622, (, 62 in
(15). This is analogous Bthe substitution®fd, 2) by 62¥, (4, 52) in (8). Following this sub-

stitution we obtain the fo@ﬁ&ng approximately unbiased estimator of the trace of the MSE of
S\

:&f: ,O
> N O / N /
Ra(:&f) = kaj + tr{@l(ea &2>XQ%‘Q) )} - 2tr{g01(9, 62? Z(Z,MZ)_1/2> (XQ) )}

A~

{1 (0,62 Z(2/MZ) ﬁZj’MZ)‘l/z)’)}, (19)

whereyp, (0,62, Dy, D) has the same expressioﬁ%}&{ Dy, D,), except thaE(f, 62) in ¢(.)
is replaced everywhere B#=, (4, 62). 4,0

Again, let the weightx,-(é, 5?) be of the form 9). Note tl(a\}-‘is symmetric idempotent and
(XQ—-Z(ZMZ)\?Y{XQ— Z(Z'MZ)~/?} = I,,,. Putting (L 6(19), and after performing

same manipulations, we obtain

Ro(jif) = (k — m)6? + X(a, b, ¢)LA(a, b, ¢) + 262N (a, b, ¢)d — (4/n)c6> N (a, b, )G (a, b, c),

(20)
whereL = (I;;) with [;; = §'P,P;0, G = (gi;) with g;; = (63)710'(P; — P;P;)0, and¢ is anN x 1
vector withg;, = m — r; being itsi** element. Equation2Q) provides an alternative selection
criterion for the weight vecton\(a, b, ¢c) when the prediction vector rather than the coefficient
vector is the main subject of interest. The optimal weight vector is\tkector that minimizes

(20). We call the estimatof:; corresponding to this optimal weight choice the OPT estimator of
.
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3.3 Asymptotic optimality of the OPT estimator

Our foregoing discussion centers on the finite sample justification of the OPT estimators. Here, we
enlarge the optimality consideration to large sample situations. All the convergence results to be
presented are with respect to the sample size approaching infinity. For specification, we consider
the estimation of the prediction vectpr Define L, (\(a,b,¢)) = ||ir(A(a,b,c)) — pl||* - the
squared error loss, and,(\(a, b, ¢)) = E{L,(\(a,b,c))} - the risk under the squared error loss.
DenoteD = {(a,b,c)la > 0,b > 0,—c¢ < ¢ < 0}, wherec is a positive constant. Let the Jét
index the “unbiased” models, which are models that nest the true model as a special case. Further,
we consider the following subset ¥
Ibi?;\{(a, b,c) € DI Arla,b,c) <1 p},
. TEU
wherep is a constant on the inte 1]. The exclusion op = 0 from D, means that the sum of
weights assigned to biased models in Wodel average has a non-zero lower bound, and this rules
out the case where all models forming thQ;ﬁadel average are unbiased. The reason for excluding
=0 is that for the case @f + (), condition (22) (deﬁ@d below), a key condition for the asymptotic
optimality result of (23) to hold, cannot hold true w . The restriction oD to D, is therefore
a technical artifact of our proof technique. Fortunately, 1@)355 of generality due to this restriction
is fairly minimal. It is conceivably far more common for a mo‘yﬁverage to comprise some biased
models than unbiased models alone. The latter model combining case is atypical, and will arise
when the true model is the narrow model. Moreover, it is obvious thatif0 were allowed, then
D, would be identical td; now, asp can take on any positive value close to zero, thé%ds in
fact very close t@.
Building on this framework, we define a non-random weight set
N
W = {w = (wy, ..., wn)'|w; > O,Zwi =1, ZwT <1 —,0}.
=1 TEU

Let ¢, = max E|fisy — p|* be the maximum risk based on a single sub-model, &ne-

igv R, (w). Denote(d, b, ¢) as the value ofa, b, ¢) that minimizesk, (fi;(A(a, b, ¢))) with (a, b, ¢) €

Dy. Assume also thdt, b, ¢) belongs inD.

11
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THEOREM 3 Whenn — oo, provided that the conditions

W= 0(n) (21)

and

£26 =0 (22)

are satisfied, then
L,(Ma,b,¢)) P
1. 2
it Lo(Mabo) (23)

(a,b,c)€Dg

Proof: See the Appendix.

Theorem3 states that subject to the fulfillment of conditiorzd) and @2), the large sample
squared error associated@)\the OPT estimator converges in probability to the smallest achievable
squared error of any FMA es&&ytor in the form @B8) based on model weights given i®)( with
values of(a, b, c) restricted to the &x,.

The following discusses the releva@of the sulidetind conditions41) and @2). First,
note that conditionZ1) is a common condi |on$ncerning the sump@f j=1,..,n (see, for
example Shaq 1997. Under 1), we have 4&

67 = (y My — OW;0)/n < y'y/n = (/' + ;’@}\2#8)/ n=0p(1) (24)

)

for any sub-model. Discounting the cases of being an empt arid = {1, ..., N}, by the

result that for any- € U, 62 -2+ % > 0, we have, for any sub-modelc ¢/ andi ¢ U,
~2 /A2
0; /UT - OP(l) (25)
Combining @), (25) and the restriction of < 0, it can be seen that for any sub-models U,
i ¢ U,and any(a, b, c) € D, we have\.(a, b, c)/\;(a,b,c) = Op(1), and thus
5 (a0 (1= 5 ulasb.0)) £ 3 lonh )/ Ao be) = Op()
TeU TeU TeU

Consequentlyy~ \.(a, b, c) cannot tend to 1 in probability. This means that in large samples, the
TeUu
model weighting scheme stipulated 8) Cannot give rise to zero weight for all biased models.

In other words, this weighting scheme implies that even with large samples, at least one of the
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models that form the FMA estimator must be a biased model. This is why the gapiatwhich
ZMAT(a, b,c) < 1— pisrelevant. Obviously, whenis very small,D, is very close tdD.

h As an aside, itis of interest to mention that if there exist constansds, such thab < x; <
Ky < 00, andr; < 62/0% < ko with probability one for any € {1, ..., N} (see, for example,
Yang 2003andYuan and Yang2005for similar conditions), and constarits, a», and b such that
0<a <a<idy<o00,0<b<b< oo then ZM)\T(a,b,c) < 1 — pis always true with
probability one, provided thdk is not the sef1, ...,TJEV}. The proof is available from the online
supplementary material. It is instructive to note tI%%tAT(a, b, c) < 1— p automatically holds for

the case of/ being empty.
The validity of Theoﬁr‘s also depends on conditio24). A necessary condition fo2g) to

hald is @ﬁ
6)5 £, = oo. (26)

Condition @6) is in fact very mild, and % likely to be fulfilled in practitecausé/V does not
include any weight vector that assigns Qoﬂszero weights only to the unbiased models. Now, if
&, — oo holds, thert,;2¢, — 0 also holds as Io% tends to infinity at a rate slower than that
of £2 to infinity. One can expect the rate ¢f — oo%duce if some of the very poor models
that are associated with large risks are removed at th et.s Thus, it seems desirable to combine
over an optimal subset rather than the full set of models. T(9710del screening step developed by
Yuan and Yand2005 may be useful in this regard.

The following simple example sheds further light on conditid®)( Consider equatior2§ with
g=1,7=0.1,X =1, beingamx1 vector of ones, and = (cos (27”) , COS (47“) ,.ery COS (2"7”)),
Under this set-up, there is only one restricted model in addition to the unrestricted model as candi-
dates for model combination. We show in the online supplementary material thaimhen002,
¢, = 0.005n + 0% and§,, > p2¢,. Condition @2) therefore holds. The online supplementary ma-
terial provides more theoretical examples concerning the relevance of condifion (

An attempt is also made to verify conditio2d) by simulations based on a model set-up similar

to that of Examplel in Section 4. We consider the case of three auxiliary regressud let

0= (5,8,7,¢3(1,0,1))". The importance of the auxiliary regressors relative to the focus regressors

13
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is measured by the ratio = var(>-9_, 6;2;;) /var(>-3_, 0;x;;). We set; to values that correspond
toa=0.1, 0.5 and 0.9, andin the weight se¥V to 0.3. The simulation results as shown in Figure
1 indicate thatt%¢,, converges to 0 from above as the sample size increases, and an increase in
has the effect of speeding up the convergencg &f, to zero,ceteris paribus

It is instructive to mention that the restriction pf> 0 is needed only for conditior2@) to
hold; once @1) and @2) are established, our subsequent steps for provABgdo not explicitly
require p > 0. We suspect tha®@) also holds without having to invoke the assumptiomp of 0
as an underlying condition. However, if the non-zero restrictionpas relaxed, the technical
challenge for establishin@8) will be formidable since one then has to bypass conditi# (The
development of such a WOf technique is left for future research.

A
®?‘OSIMULATION STUDIES

In this section, we conduct simula@nﬁperiments to compare the finite sample performance of
the OPT estimator with the MMA estim%and the model average estimators based on the S-
AIC and S-BIC weights (hereafter referred t e S-AIC and S-BIC estimators respectively).
Example 1 is based on equation (2), with the MM imator obtained using a regressor ordering
pattern decidedpriori, and all other FMA estimators co;@}l‘eci acr@¥ssub-models. Example
2, which is based on the same setting as one of the exper@mwh;erﬂom), examines the
performance of the OPT estimator when it combines models Im the same manner as the MMA
estimator. The purpose is to evaluate the OPT estimator relative to the MMA estimator when both
are considered on a platform that is supposed to favour the MMA estimator. In Example 3, we
further demonstrate the advantages of the OPT estimator over the MMA estimator using a real
data set taken fror@anilov and Magnu$20043. The main objective is to examine the extent to
which different patterns of regressor ordering affect the properties of the MMA estimator. The
results of Example 3 show that the performance of the MMA estimator is highly sensitive to the
pattern of regressor ordering, thus illustrating the viability of the OPT estimator as an alternative.

It also appears important to emphasize that the implementation of the OPT method is based

on the seD, notD,. The latter subset is only relevant for the optimality theory, not for empirical

14
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application of the OPT method. In fad®, cannot be determined in practice because one cannot
know which of the candidate models are unbiased when the true model is unknown. However,
as mentioned before, this does not render the theoretical results of the previous section irrelevant
because can take on any positive value close to zero; heRgés generally very close t®. In

all cases of our simulations, we set the value & n/2 so thatD can encompass the S-AIC and

S-BIC weights.

Example 1The data are generated from the model

10
yi =y 0,5+ ei,

wherez;; = 1,25 ~ N(O,{{pw‘ = 2,..,10, ande; ~ N(0,1),7 = 1,...,n. The sample
size varies between = 30, 80,{@ nd 300. The error teris independent of’;s, and all
x;is are independent of one another. Wtrarily, wedet xo;, andxs; be the focus regressors,
and consider all other regressors as auguﬁ'ry. The parameters are giver-hby,, ..., 010) =
(1,¢1(3,4,¢9(0.5,0.6,0,1,0.4,0.3,0.8)))". Leta %ff}; 0x;:)/var(>>_, 0;x;;), which may
be written asnv = 2c3(0.5% + 0.6 + 0% + 1> + 0.4 3% 4+ 0.8%)/(c3(3% + 4%)) = 3/10in

the present context. Note thatmeasures the importan@ﬂthe auxiliary regressors relative to
the focus regressors; the larger the valueiofand hence), 1(9;@ eater the importance of the
auxiliary regressors. We setto 0.1 and 0.9. The populatiorf R= 2522 (1 + a) /(1 + 25¢3(1 + )

is controlled by the parameter, where25¢(1 + a) = var(>-}2, 6;x;;) is the variance of the
linear combination of all regressors, focus and auxiliary. We $ém Ehe range of0.1, 0.9]. With

7 auxiliary regressors, the OPT, S-AlIC, and S-BIC estimators average estimateacnostels.

In computing the MMA estimator, we order the regressors,ass;, o3, L4i, T5i, Tei, L7is L8ir Loiy
andz,o;. The MMA estimator is then obtained by applying equation (1) with the model weights
derived by minimizing the Mallows criterion (see equation (11) in Hansen, 2007). Our simulation

experiment is based on 2000 replications.

We begin by discussing the results when the estimators are evaluated in terms of risk under the
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loss function
2

LW —

Y

10
a=> 0z
j=1

i.e., the predictive loss aof, wherez; = (zj1,...,x;,). With the predictive loss as the penalty
function, we obtain the OPT estimator by selecting ththat minimizes 20). Results of risk
comparisons are given in Figur@sand3. As in Hansen2007), we normalize the risk by dividing
by the risk of the infeasible optimal least squares estimator, i.e., the risk of the best-fitting model
among the2” models. Figure and 3 reveal that the OPT estimator generally has better risk
performance than the other three estimators no matter the valueaoid . Exceptions occur
when R is very large all. For example, wherd B near 0.1 anch is small, the MMA
estimator typically achieve(&e Igwest risk; whehiRnear 0.9 and is large, the S-AIC and
S-BIC estimators can be supe@ both the MMA and OPT estimators.

Next we consider the efficiency ofﬁ estimators of the coefficients of the focus regressors.

Evaluation is based on the loss fUI’lCtiOﬂO/\
3 (/
L® =% (4 e

In this case we compute the weight vector of the OPT at~0r by minimizit)gBecause the

MMA approach does not distinguish between focus and au{'u@réregressors, it makes no sense to
include the MMA estimator in the evaluation, and thus we compare only the OPT, S-AIC, and S-
BIC estimators when interest focuses on the estimation of the coefficients of the focus regressors.
Figure4 provides a selection of results. Again, in each case the risinsalized by dividing by

the risk of the infeasible optimal least squares estimator. From Figure observe that when

n and « are both small, the S-BIC estimator has the best performance while the OPT estimator
has the worst; however, whenis large ora is large, except when®s very large or very small,

the OPT estimator is the best while the S-BIC is the worst. Results of cases not shown here are
available in the online supplementary material; in general, they depict very similar characteristics

to those shown in Figuré.
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Example 2This example is based on the same setting &aimser(2007), thatis,y; = >-72, 07+

ei; v1; = 1, allremainingr’;s are N (0, 1), ¢, is distributed asv (0, 1), independent of’;s, all ;s

are independent of one anothéy,= c3v/2a,j~*1~/2, and the population R= ¢2/(1 + %) is
controlled byc;. Sample size varies betweer 50, 150, 400, and 1000, is setto 0.5, 1.0, and
1.5, and R is set in the range df).1,0.9]. The total number of regressofsin the regression is
determined byP = 3n!/3. Like Hansen(2007), we consider” nested approximating sub-models
with the p'* sub-model comprising the firgtregressors. All four model average estimators com-
bine estimates across theBesub-models. Note that although the OPT, S-AIC, and S-BIC can
potentially combine estimates from all candidate models, we only conBidested models here -
the purpose is to evalu%the OPT estimator when all estimators are considered on a platform that
is supposed to favour thé&dA estimator. Ashtansen(2007), evaluation is based on the loss

)

function ,0

L(g) :% Z Hjxj
i—=1

Results for four different cases are depict&@ Eigﬁuré\gain, in each case the risk is nor-

2

malized by dividing by the risk of the infeasible op | least squares estimator. It is seen from
the figures that the MMA estimator habitually yields b@esstimates than the S-AIC and S-BIC
estimators - these results are in accord with those observb@ 007. What is more strik-

ing is that the OPT estimator is found to be superior to the MMA ‘estimator in a large region of the
parameter space, and this superiority is most marked wherarge. This result is particularly
encouraging given that the experiment has been performed under the same sdtiangseas
(2007, where it is shown that the MMA estimator performs best. Resoil the cases not de-

picted here have characteristics similar to those shown in FiguReaders may refer to the online

swpplementary material for details.

Example 3The third design is based on a model freé@arson and Timmermaxgih994, who con-
sidered the predictability of excess returns for the Standard and Poor 500 index. The same model

has been used to illustrate the consequences of ignoring pre-testing on foreestdty and Magnus
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(20043. The model is expressed in the following equation:

Yy =Py + PoPLi_o+ BsDI3,_1 + BaSPREAD, 1 + 1Y SP,_4

+72DIP;y +3PER;y + uDLEAD; 5 + ¢, (27)

wherey; is excess returns}I;_, is annual inflation rate (lagged two period$)/3;_; is change

in 3-month T-bill rate (lagged one periody,PREAD, , is credit spread (lagged one period),

Y SP,_; is dividend yield on SP500 portfolio (lagged one perio@)] P,_; is annual change

in industrial production (lagged one periody,ER;_, is price-earnings ratio (lagged one pe-

riod), and DLEAD,_, is annual change in leading business cycle indicator (lagged two peri-
ods). The data contain annual observations on each of the variables described above over
the period 1956 - 2001.@}3 data and their sources are givBamilov and Magnug20043.
Specifically, Danilov and Mag%s\ )i 043 were uncertain whether the last four regressors, namely,
YSP,_,DIP,_,, PER, 4, andDLEQDt_Q, should be included. The regresséts_», D13, 1,
SPREAD, , andtheinterceptare focus@‘essors that are required to be in the Dadibv and Magnus
(20043 reported estimates from a (forward) st‘(.aptvise model selepiiocedure which discarded

all auxiliary regressors bt SP,_; . 4&

4

Alternative approaches could be the use of the Ov@;gd‘MMA estimators described above.
The OPT estimator takes average aciyss16 models. Agair{@the MMA scheme, one needs
not distinguish between focus and auxiliary regressors, but mtﬁfirst order the regressors. Since
the model contains 8 regressors including the intercept term, there are 8! = 40320 possible ways to
order the regressors. After ordering, the MMA scheme averages over 8 models obtained by adding
the 8 regressors one at a time to the regression model. While in practice the regressors are ordered
based on some pre-conceived notions of the investigator, for this discussion we consider all 40320
possible ordering sequences to give a comprehensive picture of the performance of the estimator
in all cases. To increase the realism of the simulation, the values of the dependent variable in each
round of the simulations are obtained by drawing 46 random disturbances with replacements from
the residuals of the least squares estimatior2@f. (Denote thé* such sample of disturbances as

e;, and values of the dependent variable infheample are generated usiig = HO +¢;. The
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experiment uses the least squares estimates of the coefficieB® as(the true parameter vector
. A total of 100 samples are drawn, and the OPT predi¢for- HO, and the MMA predictor
fomma = HO,,,,., are computed. There are altogether 40320)..’s depending on the ordering of
regressors. It should be noted that no estimators are exactly the same among thesg, 40320
For each estimator aff ©, the risk under the squared error loss is calculated.

The key findings are presented as follows. The risk pfs 0.0749, while the risk ofi,,,,
ranges from a minimum of 0.0583 to a maximum of 0.0893, depending on the pattern in which the
regressors are ordered. The “average riski,gf.., obtained by taking an average of the risks of all
40320(,,ms's 1S 0.0788. Of the 40320 patterns of ordering considered, the MMA estimator results
in higher risk than the %T estimator in 31839 out of 40320 or 79% of cases. Clearly, the extent
to which the ordering pa f regressors affects the risk behaviour of the MMA estimator is a
notable feature of this study. It{é points to the narrow scope of the preceding Experiment 1, and
the simulation experiment consid(Qd flansen(2007). These experiments examined only one
pattern of ordering regressors for the r&ﬁtimator. Results of the current experiment show that
for the current data set there is a clear tenderlcyfor the OPT estimator to provide better estimates
than the MMA estimator in most cases. The OIS?& jmator has worse performance than the best
MMA estimator, but this is more than compensated f%y a substantial reduction in risk of the

3

OPT estimator over the MMA estimator in the majority of %considered.

¢

5 EXTENSIONS TO GENERAL PARAMETRIC MODELS

The preceding analysis focusing on the linear regression model can be extended to model combi-
nation in general parametric models. This is accomplished by utilizing the local misspecification
framework developed iRljort and Claesken&003.

Assume that the observatiops ..., y, are i.i.d., and generated from the density

ftrue(y) = f(yv 67 7) = f(yv 67 Yo + 9/\/5)7 (28)

whered is ak x 1 unknown vector;y is anm x 1 known vector, and is anm x 1 unknown

vector representing the degree of the departure from the narrow model. As in Section 2, a candidate
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model always contains all parameters i, and potentially some or all of the parameters in

~ associated with auxiliary regressors whose inclusion in the model is uncertain. The parameter
of interest isu = u(0,7) = wu(d, v + 0/4/n). Altogether there aré™ sub-models mapping onto

the setS C {1,...,m}; noting thaty; = 0 for j € S° with S° being the complement &f. We
consider model combinations ovar (< 2™) of these sub-models. Lét; and~s be sub-model
estimators based on maximum likelihood (ML) in the model that empiggswith j € S. The

ML estimator ofy is thenjg = ,u(SS, ¥s,%.sc). Based on this framework, the FMA estimator of

1 may be written as

b fr=">_¢(S| Dn)pis, (29)
S

wherec is a weight that de;ﬁ@‘s an, = 6 = /n(u — 70)- Note thatD,, is analogous td in

Section 2. O

To study the choice aof, we first p?es some notations. Denote/pythe (k +m) x (k+m)
information matrix of the full model evaILQwi at the null paifity,). That is,

J,
Ju = varo y i?‘ 5 ; o
y Ji

with inverse '0/\
A

whereU (y) = dlog f(y, d,70)/0d andV (y) = dlog f(y, , v0) /0~ are the score functions.

Also, let 75 be the projection matrix mapping the vector= (v, ...,v,,)’ to its subvector
msv = vg that consists of; with j € S. DenoteK = J' = (Jy; — JioJog Jo1) 7!, Ks =
(e K~'ml)™Y, He = K'\?nlKemg K12 andw = JigJog Op/05 — O/~ with the partial
derivatives evaluated at the null poif® ;). Further, we defindd, as the null matrix of size
m x m, whereg is the empty set.

FromHijort and Claesken@003, we have

V=) 5 A= (gé) T M 4 {6 — 6(D)}. (30)
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whered(D) = K'?2{>¢ &S | D)Hs}K~'2D, D ~ N,,(0, K) is the limiting variable ofD,, in
distribution, andV/ ~ N(0, Jy) is independent obD.

If we denoteZ = K~'/2D, thenZ ~ N(a*, ) with a* = K~'/20, and we can writé(D) =
K"V {Sgc*(S | Z)Hs}Z = KM?a*(Z). Thus,A = (%) J' M + ' KV?{a* — a*(Z)}. From
this analysis we can show that the asymptotic risk ¢f

R.(ft) = E(A?) = 72 + B{J'K'?4*(Z) — W' K'?a*}?, (31)

with 72 = (%) gt (%),

Assume (for the time being) that, w, K, anda*(Z) are known, and let the weight(S | z)
be a continuous function. Further, assume that the piecewise continuous partial derivatives of

c*(S'| z) with respect to: @as do their expectations. Then, by a similar proof technique to that

used for Theorem 1, we can &)76 the following unbiased estimator of the asymptotic fiisk of

L
R.(t) =712 — ' K+ JKY*(a"(2) - Z)(a*(Z) — Z)' KY?w
da* 12

+2uw K/ 57

w. (32)

Note thatR, (/) depends onZ, w, K, andd*(%hich are actually unknown, and dependent
on o and/orZ. Also, the first and second terms on r.h.s. of equaBi@nhdre independent on

the model. Thus, we suggest a criterion of weight selee@{hgt minimizes the following quantity:

A A ol
Rolit) = {0/ KY2(a"(Z,) — Z))2 + 2&/K1/2%8 HEE 0 (33)

which is obtained by neglecting the first two terms on the r.h.s.38f, @nd replacing/,, and
§ in the same equation by their estimatoks andd respectively, andZ by the approximation
Z, =K '2D,.
Consider the simplest special case where there are only the full and narrow models33)hen (

reduces to

~

Ro(j1) = (e — 1) (0'K2Z,)" +2 e Ko, (34)

It is easily shown that34) is minimized at
Crui = 1 N PN (35)
(W K12 Z,)?
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and thus
N

Coarrow = 1 — Cu = % (36)
These weights are very close to but not exactly the same as the weights chéfert ypd Claeskens
(2003. This slight difference in weights is due to the fact thiprt and Claeskers (2003 cri-
terion minimizes the asymptotic risk itself, whereas our criterion seeks weights that minimize the
unbiased estimator of the risk. In fact, wheis the only unknown quantity, the corresponding
weights inHjort and Claesken003 may be obtained by taking the expectations of the numer-
ators and denominators separately in the weights (35) and (36), by noting th&k /2 7)?
W Kw + (W KY2a*)2, W(Lk in progress evaluates the empirical performance of the weight choice
criterion based odR |@}l

We end this section by nb&” that the above results developed for gisican be extended

to the case of regression mode %der some mild regularity conditions. Assumg'shate

generated from the density ’é

fi,true(y|xi)_ y|xu5’Y %| x27670+9/\/7)

where¢ typically comprises & x 1 vector of regressﬁ coefficientsand a scalar parameter

The matrix O/\ N

= ZV (alogf(yi|xi>5770)/85> Q nOl)

dlog f(yi | i,9,70)/0v Jnvio 11
is assumed to converge to a suitable positive definite matyiasn tends to infinity. The extension
to the regression models is accomplished by repladinin R, (1) of equation 83) with a suitable

edimate of.J, .
6 CONCLUDING REMARKS

There has been a quickening of interest in frequentist model averaging in recent years. This arti-
cle suggests a new approach to select model weights for a linear regression FMA estimator. The
proposed estimator has been shown to be quite promising, and yields improved estimator perfor-

mance over the estimators developed in the literature in a wide variety of circumstances. Among
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the known FMA estimatord;lansers (2007 MMA estimator has considerable appeal, but to im-
plement this estimator the regressors must be ordered at the outset. One practical issue addressed
in our investigation is how the various patterns of ordering regressors affefthiteesampleper-
formance of the MMA estimator. The simulation results presented here suggest that the way the
regressors are ordered is indeed a major determinant of the finite sample behavior of the MMA
estimator. For the experiments considered, the risks of the MMA estimators corresponding to
different patterns of regressor ordering can differ markedly. The OPT estimator requires no such
prior ordering of regressors, and is supported by both asymptotic as well as analytic finite sample
justifications. Another feature of our analytical framework is that it nests other weights such as
those based on S-AIC and S-BIC as special cases. Note also that our proposed criteria permit com-
parisons of different weighj#g schemes. While the bulk of our analysis emphasizes the normal
linear regression model, a simllﬁsdeight choice mechanism is also developed for model averaging

in general likelihood models. O

”
%

Admittedly, if model averaging is performe% the full set or a large subset of extended mod-
els, the computational burden quickly increases:a ses. In this regard, the model screening
prior to combining approach advocatedYayan and Yanq@oi the orthogonalization method
developed recently byMagnus et al(2010, may be desirable%rnatives to direct computation.
Recently,Hansen2008 extended the idea of Mallows model ave(aging to forecast auatibns.

It would be interesting to further extend the OPT approach to an out-of-sample forecasting setting.
We end by reiterating that although model combination captures the uncertainty inherent in model
selection, from a statistical inference viewpoint, model combination itself does not guarantee that
subsequent inference would be on sound footing; in order for post-model averaging to produce
the “correct” inference, one has to work with distribution of the model average estimator. Studies
of the distributional properties of the FMA estimators are of recent vintage. Readers are referred
to Potscher(20069, who investigated the distributional properties of a sgezase of the FMA
estimator discussed ireung and Barroit2006. It remains a challenging endeavour to derive the

full distribution of the OPT estimator discussed here.

23



3/17/2011

7 SUPPLEMENTAL MATERIALS

Proofsand Results: The supplemental materials contain detailed proofs and additional simulation

results as follows (SupplementaryMaterial.pdf).
Derivation of ¥ (4, 52) in Theorem 1
Numerical comparison af2¥, (6, 52) and ¥ (4, 62)

Proof of (A.28)

Proof of (A.29)

Proofs of (A.30) and (1’@)

Proof of the result on the up§%ound ®f \-(a,b,c) in Section 3.3

TeU

Proofs of the results related to the sinye example in Section 3.3
Other examples in which condition (22) i!s?;ltisfied
Further results for simulation Example 1 in Sequﬁj%

Further results for simulation Example 2 in Section 4 lO/\

V)
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APPENDIX: PROOFS OF THEOREMS

A.1 Proof of Theorem
The MSE off3; may be written as
MSE@B;) = E{(B; - )™}
= P(X'X)+QE{(WI-0)**} Q' (A1)
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(see Theorem 1 ddanilov and Magnus20048. By the definition ofit/; we can write

p{wo-6>) = E {{(W 1,00
+ i (Wi — L) E{X(0,67)00 — 0} + E{(0 - 0)**}.  (A2)

Noting thatf and4? are independent, and using the assumptionsi(ﬁ‘) 62), it can be shown by

Stein’s Lemma$tein 1981 that

E{N(0,6%)(6 = 0)0'} = 0*E [\i(0,6%) I + {ONi(6,6%)/06} 0] .

Hence,
Q%&( ),6%)(0 — 0)0' }(W; — Imﬂ Q
— 020 (E 75 fj {ox(0,6%)/00} é'w,] - [m> Q'
= o”E{w,(0, a—?)}” 200 (A.3)
%
Further,

By {0(0,6%)} = 0" By {\1:’1% )} (A.4)
o)

N
Equation A.4) can be proven by noting that — k — m)5?2 /o> //5@ — k —m), resulting in

n—k—m)/2
p(t) = (n—k— m)( )/ (n—k—m)/2-T ,—(n—k—m)t/(20?)

Q(n—k—m)/ZI‘("—];—m)(0-2)(n—k—m)/2
= Cot R/l tnmkemyt/(20%) -y s g

as the density function @f%. Thus,

B {0(0,6%)} = [ 7 w(,0)- Cotlrhm/atesnmkomu/ert gy
= (G —k-my2} [* [ Lk 221 (e (k2 g
— {Co(n—k—m)/2} /0 - / T kM2 (e (Rt 2o gy
— %0, / T kM2 () ) e (rRemu 207) gy
0
= 0?Ex {01(0,6%)}.
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Taking (A.1)-(A.4) together and replacing? by 52 in (A.1) lead to the unbiased MSE estimator
of Bf in (4), and this proves Theorem 1. Note that the approach used tcede(r@, 62) is similar
to that adopted bZarter et al(1990, andGiles and Srivastavd 991). The online supplementary

material provides the details of the derivation.

A.2 Proof of Theorerd

It is readily seen that

MSE(jiy) = E{(jiy — HO)**}

_ (Bf - 5)@)2 E(Bf _ 5)(% - 7)/ /
2" ( EGr—7)Br—B) By —7)%? ) H. (A.5)

It is also straightforward 'Q%W that

E{(3 - %} = DE{(W0-0)**} D, (A.6)

”
and O/\

E{@f‘ MBr—B)} = b@ 0 — 9®2 (A.7)

Using the same arguments as in the proof of Theolemﬁrnlng&(@ 62) and dX;(6,62) /00,

/
”e‘

E{(W6—0)**} = E{4(0,6% In, I (A.8)

we can show that

Equation (4) is obtained by usingA.8) in (A.6) and (A.7) and substituting the resultant expres-

sions in @A.5).
A.3 Proof of Theoren3

We first show the relationship between our criterign(ji;(\(a, b, ¢))) and the squared error loss
L,(A(a,b,c)). LetV; = [0,,«x : Si], then the restrictiorb}y = 0 may be equivalently written as

V;© = 0. Correspondingly, the restricted least squares estimat@riegiven by

A

O = (H'H)"'H'y — (H'H)"'V{Vi(H'H)""V/} " Vi(H'H) " H'y. (A.9)
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It is well-known (e.g.Rao, 1973 that

(XX)7+QQ  —Q(Z'MZ) 2 )

(H/H)—l = ( _(Z’MZ)_1/2Q/ (Z/Mz>—1

by which we can write

SZ'MZ)™'S; = W(H’H)—lvj’,

and

(A.10)

(A.11)

S(ZMZ) ' Z’My = S{—(ZMZ)'Z’X(X'X) ' X'y+ (ZMZ) 7'y}

= Vi(H'H)"'H'y.

By the definitions of; afidd, we have

2

0PPH = y'@Z’MZ)—ls,.(Sg(Z'MZ)—1Si)—1sg(Z'MZ)—1

xS} (SVPMZ) ' S;) 1S Z' MZ) " Z' My.

”

Combining A.9), (A.11), (A.12), and A.13) obtain

lj = é’R-Pjé=y'H(H’Hr%’r%w>—1W}—1m<H/H>—1H/

XH(H’H)_IVJ’{V}(H’H)_IV; %(H’H)_lﬂ’y

= {HH'H)'H'y — iy {H(H'H)™" S}

K4
= (p —y)'(hgy —y) — |HH'H) " H'y —ﬁ?‘

~

= (i) =)' (i) —y) — (n— k —m)6°.

It then follows that
N(a,b,c)LA(a,b,c) = ||fi;(Ma,b,¢)) —y||* = (n — k — m)5>.

By the definition ofgp, we see that

N(a,b,c)p = N(a,b,c)qg —k,

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

whereg = (q1, ..., qv)’. Now, letH; be the regressor matrix in tié sub-modell; = H;(H/H;) ' H!

andA; = I, —T;. For any weight vectow, defineT'(w) = =N, w;T; andA(w) = 2N | w; A;. We
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can defineél’(A(a, b, ¢)) and A(A(a, b, ¢)) in a similar way. Hence, it is clear that foe= 1, ..., N,
iy =Ty, (A.17)

and thusis(A(a, b, c)) = T'(A(a, b, c))y. From (A.15) and (A.16), we obtain

A

B (0,1, )
= |liiy(A(a,b,¢)) — y||*> +26*N(a, b, ¢)qg — né* — (4/n)c6*N (a, b, ¢)G(a, b, c)
= llfag(Aa, b,€)) = ull* = 2(fag (A(a, b, ) — p)'e + [|el|* + 26°X'(a, b, c)q
—n6? — (4/n)ca*N (a, b, ¢)G\(a, b, c)
Aa, b, CW 21/ A(N(a, b, c))e — 2'T (M (a, b, c))e
+26° N (a, b, c) q/&h/@ca%\/ (a,b,¢)GX(a,b,c) —ne* + |||
= L,(Ma,b, ) + ta(a, %— ne? + ||e|I%, (A.18)

where the last two terms on the r.h.s. Af@ﬁre unrelated ta, b, or ¢, and

tn(a,b,c) =2 A(M(a, b, c))e—2e"T (N (a, b, c))a—l%a, b,c)g—(4/n)ca* N (a, b, c)GX(a, b, c).

27

Therefore, we can write
%y
(a,b,¢) = arg (Q??ED {L,(A(a,b,c)) +t,( @@ (A.19)
Consequently,
( bin)fD {L,(Ma,b,¢)) + to(a,b,e)} = Ly(Ma, b, &) + tn(a, b, ). (A.20)
a,b,c)&Dg

On the other hand, by noting that

Ry(w) = ELy(w)=E|T(w)y — pl|* = |T(w)p — ul|* + o*tr{T?(w)}
= |T(w)y — pul* + IT(w)e]|* = 2(T(w)y — p) T(w)e + o*tr{T?(w)}
= La(w) + | T(w)e||* = 2(T(w)p + T(w)e — p) T(w)e + o*tr{T?(w)}
= Lu(w) + 20 A(w)T (w)e — || T(w)e|* + o*tr{T*(w)}, (A.21)
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we have
Ly(w) = Rp(w) + up(w), (A.22)

whereu,,(w) = ||T(w)e||? — o*tr{T?*(w)} — 21/ A(w)T (w)e.
Also, by the definition of infimum, there exist a series of non-negativend setsa,,, b,, ¢,,) €

Dy such that},, — 0 when n — oo, and

inf  L,(A(a,b,¢)) = Ly( AN an, by, cn)) — . (A.23)

(a,b,c)eDo

Now, from (A.20), (A.22), and A.23), it can be shown that for any> 0,
inf L,(\a,b,c))
Pr { Jgo >0

(a,b,w A 1
104..))

sup! ~a,b,c)| ) 5
(a,b,c)eDg N
S 2 Pr \ w4 : . > =
&) 1+ inf up(w)/€, = 3
(@) inf un(w)‘
+pr{%.1 .fl )//‘>§ +3prd W I>q%. (A.24)
& 1+ ot Un(w)/&n J &n

The detailed proof ofA.24) is available in the onIirﬁ?Vpplementary material. Henzeemon-

strate the theorem, it suffices to prove thatpas oo, ,O/\
\J

%
sup [t,(a,b,c)|/& 0, ( (A.25)
(a,b,c)€Do
sup |u,(w)|/&, 250, (A.26)
weW
and
V)& - 0. (A.27)

Noting thatd,, — 0, the convergence described in equatiér() is obvious from condition
(22). By the same condition, together with Chebyshev’s inequaliheorem 2 ofVhittle (1960,
and the fact that ~ N(0, ¢%I,,), it can be shown that (see the online supplementary material for

detailed proofs)
sup |p/ A(w)e| /&, " 0, (A.28)
wew
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/€ 20, (A.29)

sup ‘5’T(w)a — 6*w'q
wew

sup |u A(w)T(w)e] /€ 0, (A.30)
and
sup [T (w)e]* = o*wr{T2(w)}| /g = 0. (A31)
So, by @A.30), (A.31), and the definition of;,,(w), we see that4.26) is true. If we let
to(w,c) = 21 A(w)e — 26'T(w)e + 26°w'q — (4/n)c6*w'Gw, (A.32)
then in order for A.25) té@ﬁwe need only to prove

6\/‘ ¢ 0 A.33
wé%cgo|n(w70)\/£n—> : (A.33)

In light of (A.28) and (A.29), to complet% proof, we need only to consider the last terthe
r.h.s. of A.32). That is, to prove thatA.25) iﬁr\ue, it suffices to show

v
sup ’c&zw'éw/% 25 0. (A.34)

weW,—e<c<0
From A.14) and6? = {(n — k — m)62 + @' PO} /n, we se’%}for any <i,j <N,
ypi—orrd ipi-inpf
J J ‘ < J J (
(n—k—m)a?+6'P;0 n—k—m
6'p,d 0' PP,

n—k—m mn—k—m
yAjy — (n—k —m)o? N |y AiAjy — (n — k —m)6?|

6.2

/n =

~D
‘U 9ij

n—k—m n—k—m

YA = (n—k—m)® | (A + A A)y/2 — (n = k= m)3?)
n—k—m n—k—m

S(A)y'y N S(AA; + A A)y'y/2

n—k—m n—k—m

Sy | SA)SAyy

n—k—m n—k—m

2+ 4p'e + 2¢’e

n—~k—m
= 0,(1). (A.35)
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whereS(-) denotes the largest singular value of a matrix. The last inequality.B5j results from
S(ULU,) < S(Up)S(Us), andS(Uy 4+ Us) < S(Uy) + S(U,) for anyn x n matricestU; andU,
(seeLi, 1987, while the last equality in4.35) is obtained from condition(1).

The proof is completed by noting that conditiaz2f and @.35) imply (A.34).
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Figure 1:¢,2¢,, versusn for differenta valu%olid linexr = 0.1; dashed linex = 0.5; and dotted line:
a=0.9).
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Figure 2:Results for Examplé. risk comparis’o% undet™) loss wheny = 0.1.
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Figure 4:Results for Examplé: risk coﬁarisons undet(® loss.
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