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Supplementary Material

B.1 Derivation ofl(f, 52) in Theorem 1

Along the lines of Carter, Srivastava, Srivastava and Ul1£&90) and Giles and Srivastava (1991),

it can be shown that ib (0, 62) is a matrix differentiable with respect &, then

R R 2 )
Ep2 {5°®(0,6%)} = 0* s {®(0,5) } + 2 g, {&2M} , (S.1)

n—k—m 002
provided that the expectations on both sides of (S.1) exist.

In fact, it is readily seen that
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and
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Note that the elements of (S.2) and (S.3) are finite. Thus,ave h

lim {(3, 1n—b-m/2e=0r—komi/ )

t—o0

Similarly,

i { (3, 1) —m)2-nmbma)

t—0

Combining these two formulae, equation (S.1) is obviousf(§.3).

1



Now, let

Then a solution to the above differential equation is given b

) k- 52 )
(I)O(@’ 6_2) _ %(6_2)—(71—]9—771)/2/0 t(n—k—m)/Z—l\Ijl(e’ t)dt

Applying these results in equation (S.1), we may wité . {\Ifl(é, &2)} = Ej» { 204 (6, 6 )}.

Thus, we takel (6, 52) = 62®, (6, 52), which is precisely equation (5).

A~

B.2 Numerical comparison 6%, (6, 52) and ¥ (4, 52)

The aim of this numerical exercise is to examine how well thleies o520, (9, 52) accord with
those of¥(f,52). Our set-up is the same as that used for Example 1 in the diowilstudy
of Section 4. We consider the S-AIC, S-BIC, S-RMS and smabtieneralized cross-validation
(S-GCV) weights, and let = 100, 900 = 0.1, 0.9, and Rvary between 0.1 and 0.9.

Let I be anm x m matrix with thei;j** element being

where¥, (6, 62),;; and¥(d, 52),; are theij™ element ofl, (4, 52) and ¥ (6, 52) respectively; =
=1,

1,-- ,m. So,I';; measures the relative discrepancy Wlﬁéﬁ’l(é, 6?);; is used as

a proxy for\If(é, 62);;. A zero or near-zero value @f,; shows that2 0, (6, 62);; is a good proxy
for W (6, 5?);;, and vice versa. Now, to facilitate comparisons, let us @efite average relative
discrepancy as = Z 21 I'; ;. Figure B.1 gives the values df = Z ~™ /M for the different
cases, with\/ = 100 b;—lnjg the total number of replications aﬂdenotlng the-*" replication.

Figure B.1 shows that?¥, (0, 62) is generally a good proxy fo# (4, 52), with the average

relative discrepancy being near 0O for all cases considered.

B.3 Proof of (A.24)

Using (A.20), (A.22), and (A.23), it can be shown that for any 0,
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Figure B.1: Comparison o#2W, (6, 52) and ¥(f, 52). The dash-dotted, dotted, dashed, and solid lines
correspond to S-BIC, S-AIC, S-RMS and S-GCV weights regplgct
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Hence, (A.24) is established.
B.4 Proof of (A.28)
First, the risk ofii; is
Bl — pl? = |Al* + o* ;. (S.4)

By Chebyshev’s inequality, Theorem 2 of Whittle (1960) aB4j, we observe, for any > 0,
that

Pr{ sup | A(w)e| /&, > 5} < PI’{ sup Z]\il w; | Age| > 5§n}
weW wew T
/
< Pr{lrgzg(vm Aie| > 5§n}
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where(C; and(), are positive constants. Thus, from condition (22), we obtAi28).
B.5 Proof of (A.29)

By Chebyshev’s inequality, Theorem 2 of Whittle (1960) a8d4j, we have
N
>4 } < YoPr{
=1
N 2
< M E { (8’7}6 - 02%) 5_2552}
i=1
—2p—oa N
< (03077, Zi:l i

e'Tie — o°q;

Pr{ sup ‘5’T(w)6 —
weWw

> 5§n}

where(s is a positive constant. Together with condition (22) andfdet thats? — o2, this

leads to (A.29).
B.6 Proofs of (A.30) and (A.31)

First, note that for any, j € {1,..., N}, || TA;u|” < ||A;u|”. Similar to the proof of (S.5), we

have

wew

Pl’{sup | A(w)T (w)e| /€, > 5} < Pl’{sup Z] 12 L wiw; WA Tie| > 5§n}
wew =

IN

Pr{ max max |y’ A;Tje| > 5§n}
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ijl Zizl Pr{|@ A;Tie| > 6&,.}

3 S B [ AT

Cao 2623 S LA

Cao262 3 S Al
5726, %G,

VAN VAN VAN VAN

IN

whereC'y and(C'5 are positive constants. Hence, equation (A.30) is obtdwued condition (22).
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Likewise, recognizing that for anyj € {1,..., N}, tr(T;1};) < tr(T;), we have

Pr{ sup || T (w)e||* = otr {T*(w) }| /& > 5}

weW
N N , 5
<Pr 31611% ijl Zz’:l wjw; €T Tie — o*tr(1;T;)| > 6&,
< Pr{ max max ’5’TjTi5 — 02tr(TjTi) > 5§n}
1<j<N 1<i<N
N N
< ijl Zi:l Pr{ e'TiTie — otr(TyT;)| > 5§n}

<Y UYLE [{a'Tjﬂg — (1T 5—25,;2}
< Ced 22300 S (IPT?)
= Ced 2230 S ()
<GP S
where(j is a positive constant. Thus, by condition (22), (A.31) sodfue.
B.7 Proof of the result on the upper boundg A-(a, b, c) in Section 3.3

Recall that we assumec < ¢ < 0, k1 and ks exist such that) < x; < ky < oo andk;

IN

62 /02 < Ky with probability one for any € {1, ..., N}, anda, a, andb exist such thad < a, <

a <y < 00,0 <b<b< oo. Under these assumptions, it is seen that foramyl/ andi ¢ U,

Ai(a, b, c) a%i(n — q;)°(62)°  (aear —aea (M @\ (62 °
7&(% b,0) = - 2> min {al , Q3 } <7) T

n o2

b _
[ —ti—Gr —qi— i K1\°

> m F 7 e S I (—) =vir >0
in {al aj } < ” 1) p i,

with probability one. Lety = min v;, > 0, i* ¢ U, and#U be the number of the elements in

TEU i¢U
U. Then, with probability one,
ETEM )‘T(av b7 C) _ ETEM )‘T(av b7 C) < ETEM )‘T(av b7 C)
1= cuM(a,b,c) YiguNila,b,c) T Ai(a, b, ¢)

A-(a, b, c) - #U — ot < oo

ZTEZ’{ )\Z* (CL, b, C) (%

which in turn implies

*

v
+ v*

ZTGM A(a,b,c) < .

with probability one, wher@ < p < 1.



B.8 Proofs of the results related to the simple example iti@&e8.3

Note that there are two sub-models - one is the restrictecehwith X being the only regressor,
and the other is the unrestricted model which is also the onljased model in the set-up. Let
i1y and ;) be the estimators qf based on the restricted and unrestricted models resplgctive
Recognizing that the vectors andZ are orthogonal and’Z = n/2, it can be seen from (S.4)
that

Ellpaqy — pll> =72 (I, — XX'/n)Z + 0 = v*Z'Z + 0> = 0.01n/2 + 0*
and

EBllfuz) — p))* = 20°.

Thus, ¢, = 0.005n + o2 whenn > 20002. From the third equality in formula (A.21) of the
Appendix, we obtain

Ro(w) = |T(w)p — pl* + o*tr{T%(w)}

0.005n + 0% o2
= (w1>w2)< nz 7 212)(1017102)'

o

= w;(0.005n + 0?) + 2wi0” + 2w wea”.

So0,¢, = 12}%} R, (w) > p*(0.005n + %) = p?¢, whenn > 20002.
B.9 Other examples in which condition (22) is satisfied

Here, in addition to the example shown in the paper, we peowieb other examples in which
condition (22) is satisfied.
Example B.9.1:Consider a nested model set-up as in Hansen (2007, Econcaeand as-

sume that condition (21) holds. A sufficient condition foR)2o hold is
1/2 2\ _
2 (1A-ul) " =o)),  TEU. (S.6)
In fact, from the third equality of (A.21), we have
Ry(w) = [|T(w)p— pl* + o*tr{T?(w)}
N N 2
= D widip|? +o’tr <Z wz’Tz)
=1 =1
= W' Qiw + o*w' Qaw,
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with theij™ element of); beingQ1 ;; = || Amax(ij31t]|?, @and theij™ element o), beingQ.;; =

Imin{i,j}- 90, foranyw € W,

Rn > 2 : AT 2 2 . .
(w) = p Iglélg}H pll”+o o fnin, g

and

L= E N 2 — Az 2 2 ; < / 2 ”
Gn = fnax sy — ] ie{rgéfN}{H PP +o’q) <pp+o omax g

From the above two formulae and condition (S.6), we have

W+ o? max g

9 ie{l,...,N}
gn CTL S 2
2 3 2 2 1 i
{p min || A-pl|* + o ie{rlr}_{gN}qz}
2
nl/2 w0 ieglaXN} qi
N pPin || Appl[? + o nin n
— 0.

A situation under which condition (S.6) holds is whéfehas orthogonal columns with norm

|h;]|* ~ n. Inthis case, for any ¢ U,
|Acpl? = ' (o = H(HLH,) T HL) p = 0 B ~ n,

whereH . consists of the columns df not in /., andd is the coefficient vector corresponding to

H,.

Example B.9.2This example concerns a non-nested set-up. The data aratgsh&om
y=pu+e=pl,+nt,+y2h, +¢, e~ N(0,0%1,),

where 3 and~; are fixed positive constants, = 0, andl,, = (1,...,1), t, = (1,2,...,n)'/n
andh, = (0,...,0,1,...,1)" are alln x 1 vectors (it is assumed that whenis even, the vector
h,, contains equal numbers of 0’s and 1’s; on the other hand,ddmg the number of O’s irh,,

is one less than that of 1's). Let andh,, be auxiliary regressors, and we considér= 22 = 4
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sub-models with the regressor matrices in the four sub-teduking H, = [,,, Hy = [l,, : t,],
Hs = [l,, : hy)JandHy = [I,, : t, : hy,] respectively. Clearly, the first and third sub-models are
biased, while the second and fourth sub-models are unbiased

Using the third equality of (A.21), we have
R, (w) = w'Qw + o*w'Qyw, (S.7)

where theij" elements of); andQ, are Q,;; = p/A;Aju andQq; = tr(T;T;) respectively.
Recall that the second and fourth sub-models are unbiased kaved,y = 0 andA,u = 0, and
thusQq 12 = Q114 = Q122 = Q1,23 = Q1,24 = Q1,31 = Q1,44 = 0. In addition, the first sub-model
is nested within the third, sQ 15 = (/A1 Asp = ' Asp = Q133 > 0. Furthermore,

Quu = WA=ty (L = T)te =71 (tytn — tylulta/n)
nin+1)(2n+1 n“(n+1
(MDD ety s8)

6n2 4n3

and
Q1,33 - :u,A?nu = V%t;z(ln - TS)tn - 7% (t;tn - t;[ln : hn] ([ln : hn]/[ln . hn])_l [ln . hn]/tn)

2 | (n4+1)(2n+1) n+l 3n+42
N 6n _[ 2 0 8 } [

—1
/
] {”—“ M] ) , for even n

2 8

s 3

2
2 | (n+1)(2n+1) ntl (n+1)(3n+1) n ";1 - n+tl (n+1)(3n+1
AT T [77 T} ntl ntl {Tv T} for odd n

[\
[\

—1
o (s 1 o152 [ 2 1] o1, 9] ). v

2n -1
2 [ (n+D)(@2n+1) 2 [n—i—l (n+1)(3N+1)} [ n+l 1] [”“ W}) for odd n

N 6n Tl |20 8n 1 1 2 8n
n n n n 1 —1 n n !
(e 2 g ]| St (o)) foreven
N (n+1)(2n+1) wineeen] | S (n1)(3n+1)
(e o) [ B B ) e
i e e e e
= 2 ((n+D)(2n+1) (412 (+D)Bn+1)? | (n4+1)2(3n+1)
N ( 6n T3 T 1on(n-D) T dn(n-1 ) for odd n
~ . (5.9

Combining (S.7), (S.8), and (S.9), and noting that;; is bounded andv, + ws > p, we have

¢, ~ n and¢, ~ n. Thus, condition (22) is satisfied.

9



B.10 Further results for simulation Example 1 in Section 4

Figure B.2 depicts results for parameter settings of sitraridexample 1 not covered in Figure 4.

As can be seen from Figure B.2, although there are exceptwasa relatively large region of the

parameter space, the OPT estimator is the most preferrieda¢st while the S-BIC estimator is

generally the worst. These observations are consistentigse observed in Figure 4.
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Figure B.2: Results for Example 1: risk comparisons urdérloss.
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B.11 Further results for simulation Example 2 in Section 4

Figure B.3 provides results for other parameter setting€x@mple 2 not covered in Figure 5.
As can be seen from Figure B.3, while there are exceptiores, @velatively large region of the
parameter space, the OPT estimator is superior to the MMinasgir, and this superiority is

especially noticeable whemis large. These observations are consistent with thosenadasen

Figure 5.
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Figure B.3: Results for Example 2: risk comparisons urdérloss.
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