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B.1. Proof of Lemma A.3

Proof. We first derive the lower and upper bound of the eigenvalue of matrix W,,. For any vectors
wi ={wjri=1,..Ny,k=1,.,d} € RNn*dtand wy € R%, let w = (w],w})", then one
has

WwW,w=win" 1ZB®2w1+w n IZZ®2w2+2w1n 1ZB 2 wo.
i=1 = i=1

Lemma 1 of Stone (1985) provides a constant ¢ > 0 such that

2
d1 Nn, dl Np,
> > wikBin|| =D D wikBix

k=1 j=1 9 k=1||j=1

2

2
According to Theorem 5.4.2 of DeVore and Lorentz (1993), Condition (C3) and the definition of

B i, in (5), there exist constants C}, > ¢}, > 0 such that forany k = 1, ...,d;
N’ll

2
Nn
/2 : 2
Ck E wjk. E w]k- .k Sck wj,k'
2 =1

Thus there exist constants Cy > ¢g > 0 such that
2

di Np
collwi? < DD winBjn| < Collwn]?.

k=1 j=1 9

By Lemma A.8 in Wang and Yang (2007), we have

(Sl) An = sup <91792>n — <gl792> -0 {(log( )N / )1/2} a.5.
91,92€Gn H91H2 Hg2”2
It is clear to see that
di Np 2 n
DD PSS g
k=1 j=1 9 i=1
dl Nn 2 1 Nn 2
= ID2D wikBix (L+40) > > winBia
k=1 j=1 on k=1 j=1 5
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Therefore,

n
cllwi]® € win™ ) BfPw; < Cllwil?, a.s.
=1

Next,

n n
win 'Y " ZPPwy = wiE (Z)wy+wh |nTt Y {ZF7 - E(Z29%)}| wa
i=1 i=1
= WHE (Z%%) wy + w2 0as. (1),
and according to Condition (C4), ¢ [|wzl|* < win~! S 2wy < C ||wa]|?, a.s. Then }w{n_l Yo BiZlwsy| =

o(||w1]] ||wz]|), a.s. Thus
(S.2) clw|? < WwW,w < C|w|?, a.s.

Let Apax (W) and Apin (W,,) be the maximum and minimum eigenvalues of W ,. Algebra and

(S.2) show that |[W ||y = Amax (W) < Cand ||[W; ], = AL}

min

(W,) <c L as. |

B.2. Proof of Lemma A.4

Proof. Let & = \/n(B — B,). Since 3 maximizes the quasi-likelihood function r~! > Qe Hn
(X;) + Z'B},Y;], & maximizes
n
1, (8) = Z [Q {971 <7710i + n71/25TZi> 73/%} — Q{97! (M) 73/;}} :
i=1
By Taylor expansion, N (8) = n~1/2 Yo a1 (me;, Y;) 6"Z; + %)\TAHJ, where the random ma-
trix A, = n 130 [Yiph (Moi + Cni, Ya) — p3 (Moi + ;)] ZZ®2, with (,; and (], between 0 and
n~1/28"Z;, independent of Y;, and p3 (m) = g~ (m) p} (m) — pa (m). From the structure of A,

and Carroll et al. (1997),

n
HAn =N qe (mos, Vi) ZE? || = op (1),
i=1

and

n_liQZ(mi;YL‘)ZZ@Q = E[g{mo(T),Y}Z*?] +op (1)
=1

= —-F [pg {mo (T)} Z®2] +op (1) .
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Thus A, = —E [p2 {mo (T)} Z®?] + 0p (1) = —A + op (1). As in Carroll et al. (1997),

n n
n~l/2 Z @1 (Moi, Vi) Zy = n~ /2 Z q1 (moi, Ys) Z;
i—1 i—1

+n712Y " g (moi, Y3) (71— mo) (Xi) Zi + Op (”1/2 = ’70H<2>0) '

i=1
By Condition (C5) and (A.2), the second term on the right hand side of the above is
n= 2N "o (moi) Zi {77 — o) (Xa) Y ei + 2D o (moi) Zi {(71 — mo) (Xa)}

=1 i=1

<n Y23 |gh (moi) Ziei] 17— ol + Op (n/2N;7) = 0p (1).
i=1

By the convexity lemma of Pollard (1991), § = A~ln~1/2 o1 a1 (moi) Zi + op (1), and

var (q1 {mo (T)} Z) = E [¢} {mo (T)} Z#?] = X, from which the result follows. |

B.3. Proof of Lemma A.5

Note that
aly, (9) o, ()|  9%,(0) S
00 |, , 00 | 5 0808 | (9 9)’

with @ = t0 + (1 — )8 (t € [0,1]). So

o~ ~ 2/\
9_0:_<aaw>

)1 al, (6)
) 06
0—=0

0000" _
0=0
Next write
al,, (0) a0\ (an, @\ "
n — n n — —1 ~i le DT
0=0 0—=0 i=1

where m; is given in (A.4) and

algf(yg) = n Z a1 (moi, Yi) Bi +n”"! Z a2 (&, Y) {(n —no) (X;)} By
6=6 i=1 i—1
'Y a2 (6,Y0) 2] (B - Bo) B,
i=1
algée) - %Zéﬂ (mos, Y3) Zi +”_IZQ2 (&, Y) {(n—mno) (X))} Z;
0=0 i=1 i=1

) g (6, Y5) (B - BO)T z*
i=1
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with &; between my; and m;. Observing that

57 1/2

n
n > g1 (moi, Vi) By
i=1

di Np 1 n
— Z Z {n Zpl (moi) Bk (Xik) 81}

k=1 j=1 i=1
and
dl Nn, 1 n 2
ZZ {Zpl (moi) Bj (Xik) Ei} < CN,/n,
= =1 (s

we have Hn_l Yo q1 (moi, Y;) BZH = Op{(Nn/n)1/2}. In addition, (A.2) and Condition (C2)

imply that
‘ n-l Zqz (&, ) {(1—mno) (X))} Bi|| =Op <N%/2—p> 7
i=1
and
Y0 (6 YD 2 (B~ Bo) Bl = Op{(Na/m) /%),
i=1
Therefore,
8ln (0) _ OP{an/Q—p + (Nn/n)l/z}
i 0=6
Similarly, ||n=! 3" p1 (mo;) Ziei| = Op (n™'/?) and
z\n (0) _ 1 - ~ . o p 19
0B s =n ;Hih(mz,Yz)ZZH_OP (Nn Tn )
Thus
lna(eg) — OP{N%/2—P + (Nn/n)—l/Q}
6=0

Next let 7; = i, (T;) = 8 D. For the second order derivative, one has

91, (6) e
= = § ¢2 (m;,Y;) DiD;,
Vn aaaoT 076 n — q2 (m Y ) T

where D; is given in (A.1). According to Lemma A.3 and Condition (C2), V;l H2 =0(1), as.,

thus
dl,, ()
00

[o-8] < vz,

H = Op{N,/*77 + (Nu/n)'/?}.
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B.4. Further results for simulation in subsection 5.1

The following tables present the results for the settings of simulation, in which we generated X and

Z as follows.

(i) X1 and X5 are independently uniformly distributed on [0, 1]. Z1-Z¢ are normally distributed
with mean 0, variance 0.09 and autoregressive structure with correlation coefficient p = 0.5.
Z and Zg are independently Bernoulli distributed with success probability 0.5.

(ii) All X's and Zs except Z5 and Zg are the same as those in (i). We let Z5 = X; + U; and
Zg = Xo9 4 Us, where U; and U, are independently normal distributed with mean 0 and

variance 1/48 and 1/36, respectively.

Case (i) Case (ii)

n method C I MRME C I MRME

100 ORACLE 5 0 0.29 5 0 0.12
SCAD 441 0.84 0.58 423 0.89 0.53
Lasso 4.07 0.71 0.51 4.09 0.74 0.34
BIC 458 097 0.51 4.69 0.99 0.29

200 ORACLE 5 0 0.36 5 0 0.14
SCAD 4.83  0.66 0.63 429 0.51 0.62
Lasso 3.88 0.30 0.68 4.00 024 0.43
BIC 482 0.73 0.67 479 0.71 0.27

400 ORACLE 5 0 0.33 5 0 0.15
SCAD 474  0.21 0.56 453 0.15 0.44

Lasso 3.74  0.08 0.69 3.89 0.03 0.44
BIC 4.87 0.37 0.60 491 0.31 0.26
TABLE 3

Additional results from the simulation study in Section 5.1. C, I, and MRME stand for the average number of the five
zero coefficients correctly set to 0, the average number of the three nonzero coefficients incorrectly set to 0, and the
median of the relative model errors. The model errors are defined in (14).
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