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1 INTRODUCTION

Various linear and nonlinear parametric models have beeposed for statistical model-
ing in the literature. However, these statistical paraimetrodels and methods may not
be flexible enough when dealing with real, high-dimensiateh, which are frequently
encountered in biological research. A variety of semipa&tain regression models have
been proposed for a partial remedy to tloeirse of dimensionalitytermed by Bellman
(1961) to describe the exponential growth of volume as ation®f dimensionality. In
this article, we focus on partially linear models, a class@ihmonly-used and -studied
semiparametric regression models, which can retain thibfliéx of nonparametric models
and ease of interpretation of linear regression modelsendvibiding the “curse of dimen-
sionality”. Specifically, we shall propose variable sal@tiprocedures for partially linear
models when linear covariates are measured with errors.

In practice, many explanatory variables are generallyect#id and need to be assessed
during the initial analysis. Deciding which covariates &g in the final statistical model
and which variables are non-informative is practicallyenesting, but is always a tricky
task for data analysis. Variable selection is thereforeuofdlmental interest in statisti-
cal modeling and analysis of data, and has become an infegnain most of the widely
used statistics packages. No doubt variable selectiorcaniinue to be an important basic
strategy for data analysis particularly as high throughecitinologies bring us larger data
sets with greater number of exploratory variables. The ldgveent of variable selection
procedures has progressed rapidly since the 1970s. Aka®k&3) proposed the Akaike
information criterion (AIC). Hocking (1976) gave a compeeisive review on the early de-
velopments of variable selection procedure for linear nsd8chwarz (1978) developed
the Bayesian information criterion (BIC), and Foster an@i@e (1994) developed the risk
inflation criterion (RIC). With these criteria, stepwisgression or the best subset selection
are frequently used in practice, but these proceduresrsttia several drawbacks such as

the lack of stability as noted by Breiman (1996) and lack abnporating stochastic errors



inherited in the stage of variable selection. In an atterapiviercome these drawbacks,
Fan and Li (2001) proposed a class of variable selectiongoiaes for parametric mod-
els via a nonconcave-penalized-likelihood approach, wkimultaneously selects signif-
icant variables and estimates unknown regression coeffgieStarting with the seminal
work by Mitchell and Beauchamp (1988), Bayesian variablect®n has become a very
active research topic during the last two decades. Pioneek wmcludes Mitchell and
Beauchamp (1988), George and McCulloch (1993), and BemgtiP&rcchi (1996). See
Raftery, Madigan, and Hoeting (1997), Hoeting, Madiganft&tg, and Volinsky (1999),
and Jiang (2007) for more recent developments.

Some variable selection procedures for partially lineadet® include Bunea (2004),
and Bunea and Wegkamp (2004), which developed model satectiteria for partially
linear models with independent and identically distrilbutiata. Bunea (2004) proposed
a covariate selection procedure, which estimates the mdrEnand nonparametric com-
ponents simultaneously, for partially linear models viagleed least squares withig
penalty. Bunea and Wegkamp (2004) proposed a two-stagel seldetion procedure that
first estimates the nonparametric component, and thentsdhex significant variables in
the parametric component. Their procedure is similar toesiap backfitting algorithm
with a good initial estimate for the nonparametric compdndn addition, Fan and Li
(2004) proposed a profile least squares approach for paittredar models in longitudinal
data.

Measurement error data are often encountered in many fielkclsding engineering,
economics, physics, biology, biomedical sciences anceepiology. For example, in AIDS
studies, virologic and immunologic markers, such as plasonaentrations of HIV-1 RNA
and CD4+ cell counts, are measured with errors. Statistiéatence methods for vari-
ous parametric measurement error models have been wedliss&l over the past several
decades. Fuller (1987) and Carroll, Ruppert, StefanskiiGmainiceanu (2006) gave a sys-

tematic survey on this research topic and present manycapipins of measurement error



data. Partially linear models have been used to study memsunts with errors (Wang,
Lin, Gutierrez, and Carroll 1998; Liang, Hardle, and CHri®99; Ma and Carroll 2006;
Liang, Wang, and Carroll 2007; Pan, Zeng, and Lin 2008).

To the best of our knowledge, most existing variable sedagbirocedures are limited to
directly observed predictors. Variable selection for noeasient error data imposes chal-
lenges for statisticians. For linear regression modelsazoimg more than two covariates,
some of which are measured with error and others are eeer-ir can be shown that the
ordinary least squares method, which directly substittitesobserved surrogates for the
unobserved error-prone variables, yields an inconsigigimhate for the regression coeffi-
cients because the loss function contains the error-proveriates and the expected value
of the corresponding estimating function does not equal.z€he inconsistency nullifies
the theoretic property of the ordinary penalized least sgpiastimate without accounting
for the measurement error. Note that most variable seleqfocedures are equivalent
or asymptotically equivalent to minimizing a penalizedslesquares function. Thus, in
the presence of measurement error, the existing penakast $quares variable selection
procedures ignoring measurement errors may not work pisopExtension of the exist-
ing methods of variable selection accounting for measun¢ragor is therefore by no
means straightforward. Thus, we are motivated to develojphle selection procedures
for measurement error data. The proposed procedures regdils with a parsimonious
and well-fitting subset of observed covariates. We will edesthe situation in which the
covariates are measured with additive errors. Hence,tg8@tenf observed covariates with
measurement error is equivalent to selection of the cooretipg latent covariates. The
coefficents of the observed surrogates and the associaéed tavariates have the same
meaning.

In this article, we propose two classes of variable selagiitocedures for partially lin-
ear measurement error models: one based on penalizeddeases, and the other based

on penalized quantile regression. The former is more faméind computationally easier,



while the latter is more robust to outliers. Our proposedtsgy to correct the estimation
bias due to measurement error for the penalized least Sjisayaite different from that for
the penalized quantile regression. For the penalized sep&tres method, we correct the
bias by subtracting a bias correction term from the leasasggfunction. For the penalized
guantile regression, we correct the bias by using orthdgesaluals. To investigate the
sample properties of the proposed procedures, we first demade how the rate of conver-
gence of the resulting estimates depends on the tuning péeam the penalized models.
With proper choice of the penalty function and the tuningapagter, we show that the re-
sulting estimates of the proposed procedures asymptgtipatform as well as an oracle
procedure, in the terminology of Fan and Li (2001). Pratticglementation issues, in-
cluding smoothing parameter selection and tuning pararsetection, are addressed. We
conduct Monte Carlo simulation experiments to examine gréopmance of the proposed
procedures with moderate sample sizes, and compare tlegrparice of the proposed pe-
nalized least squares and penalized quantile regressibnvarious penalties. We also
compare the performance of the proposed procedures with ratension of the best sub-
set variable selection from the ordinary linear regressnmalels. Our simulation results
demonstrate that the proposed procedures perform with ratedsample sizes almost as
well as the oracle estimator.

The rest of this article is organized as follows. In Sectipw@ propose a class of vari-
able selection procedures for partially linear measurémenr models via penalized least
squares. In Section 3, we develop a penalized quantilesgigreprocedure for selecting
significant variables in the partially linear measuremerdremodels when considering the
effects of outliers. Simulation results are presented utiSe 4, and we also illustrate the
proposed procedures by an empirical analysis of a real @at&Regularity conditions and

technical proofs are given in the Appendix.



2 PENALIZED LEAST SQUARED METHOD

Suppose tha{(W;, Z;,Y;),i = 1,---,n} is a random sample from the partially linear

measurement error model (PLMeM),

{ Y = X'B+v(Z2)+e¢, 2.1)

W = X+U,

whereZ is a univariate observed error-free covariaXeis a d-dimensional vector of un-
observed latent covariates which is measured in an ermrepway, W is the observed
surrogate ofX, ¢ is the model error withZ(¢|X, Z) = 0, U is the measurement error
with mean zero and (possibly singular) covariance matjx. Thus,X may consist of
some error-free variables. In this section, it is assumatlfhis independent ofX, Z, Y').
For exampleZ could be measurement timk, could be a vector of biomarkers like T-cell
count or blood pressurdy could be the measured values for the quanti¥esandU is
the difference between the obserdand unknownX. In this article, we only consider
univariateZ. The proposed method is applicable for multivariateThe extension to the
multivariateZ might be practically less useful due to the “curse of dimenaiity”.

To getinsights into the penalized least squares procedwr&rst consider the situation
in which X,,,, is known. We will study the case of unknowr,, later on. Define a least

squares function to be
1 & T 2 n ot
9 Z{YZ - WiB—v(Z)} - 55 YB3,
=1

The second term is included to correct the bias in the squassdunction due to measure-
ment error. Sincé(U|Z) = 0, v(Z) = E(Y|Z) — E(W|Z)"3. Then the least squares

function can be rewritten as

SIY; ~ E(YIZ)} ~ (W~ E(WIZ)Y B = 535

l\DI»—

This motivates us to consider a penalized least squaresoohbtsed on partial residuals.

Denotem,,(Z) = E(W|Z) andm,(Z) = E(Y|Z). Letm,(-) andm,(-) be estimates
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of m,(-) andm,(-), respectively. In this article, we employ local linear reggion (Fan
and Gijbels 1996) to estimate batt,, (-) andm,(-). The bandwidth selection for the local
linear regression is discussed in Section 4.1. The pendkzast squares function based on

partial residuals is defined as

n d
(S B) = § SV Ty 20} — (W= Bl Z) B~ 5B S 41D, (1)
i1 j=1

wherep,,, (-) is a penalty function with a tuning parametey,, which may be chosen by
a data-driven methodFor the sake of simplicity of notation, we use to stand for);,
throughout this papekVe will discuss the selection of the tuning parameter iniSact.1.
DenoteY; = Y; — my(Z;) andW,; = W, — m,,(Z;). Thus,Lp(X.., 3) can be written as
£o(uB) = 32T~ WBP =585 e n T3] @D

Minimizing £p(X.., 3) with respect tq3 results in a penalized least squares estimator
3. Itis worth noting that the penalty functions and the turflagameters are not necessarily
the same for all coefficients. For instance, we want to kegmmant variables in the final
model, and therefore we should not penalize their coeffisien

The penalized least squares function (2.2) provides a geframework of variable
selection for PLMeM. Taking the penalty function to be thgpenalty (also called the
entropy penalty in the literature), nameby, (|5;]) = 0.5X51{|3;| # 0}, whereI{-} is
an indicator function, we may extend the traditional vaeadelection criteria, including
the AIC (Akaike 1973), BIC (Schwarz 1978) and RIC (Foster &wbrge 1994), for the
PLMeM:

n d
3 27~ WIB) = 5T + S XI5 #0) 23)
i—1 j=1

asy_7_, I{|3;] # 0} equals the size of the selected model. Specifically, the BIC,and
RIC correspond ta; = U\/Q/n, U\/log(n)/n, ando/log(d)/n, respectively.

Note that thely-penalty is discontinuous, and therefore optimizing (2&8juires ex-

haustive search ovéf possible subsets. This search poses great computaticikues.
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Furthermore, as noted by Breiman (1996), the best subsablaiselection suffers from
several drawbacks, including its lack of stability. In tleeent literature of variable selec-
tion for linear regression model without measurement em@any authors advocated the
use of continuous and smooth penalty functions, for exapfplielge regression (Frank
and Friedman 1993) corresponding to thgpenaltyp,(|5;]) = ¢ 'A|5;]%; the LASSO
(Tibshirani 1996) corresponding to tlig-penalty. Fan and Li (2001) studied the choice of
penalty functions in depth. They advocated the use of the[3@#@nalty, defined by

MBI, if 0 <8l <X
pA(Bl) = § Wt i ) <[] < a;
fa+D)X? if |6 > al.

5
wherea = 3.7. For simplicity of presentation, we will use the name “SCAft all
procedures using the SCAD penalty. As demonstrated in Fdhiaf2001), the SCAD is
an improvement of the LASSO in terms of modeling bias and etttidge regression with
g < 1interms of stability.

We next study the sampling property of the resulting peedlieast squares estimate.
Let By = (Bro, - -, Ba0)" = (B1y, B5o)T be the true value o8. Without loss of generality,
assume thaB,, consists of all nonzero components@f, and3,, = 0. Let s denote the

dimension of3,,. Denote

a, = max {[p\ (|30])|, B0 # 0}, andb, = lfgjagfi{|19gj(\ﬂjo\)\,ﬂjo # 0}, (2.4)

1<j<d

b = {p\,(|B10])s9N(B10), - - -, P, (|8s0])S9N(Bs0) } T,

andx, = diag{p}, (|6l), - .., P (

In what follows, A®? = AAT for any vector or matrixA. Letc = ¢ — E(s|Z) for any
random variable/vectar. For exampleX = X — £(X|Z). Denote bys,, the elements of
S, with respect tq3,, for any random/function vectds,. For exampleU,, andX,, are
the vectors comprised by the firselements ofU, and’}zl, respectively. Let,,,; be the

(s, s)— left upper submatrix oE,,, and¥x; = cov{Xy; — £(X41]71)}. ||v| denotes the
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Euclidean norm for the vectar. We have the following theorem, whose proof is given in

the Appendix.

Theorem 1Suppose that,, = O(n~'/?), b, — 0 and the regularity conditions (a)-(e) in

the Appendix hold. Then we have the following conclusions.

(I) With probability approaching one, there exists a locahimizer 3 of £p(Z.., 3)
such that|3 — 8|| = 0,(n"1/2).

(1) Further assume that al; — 0, n*/2)\; — oo, and
ligrigolf{lim(i)gfp;j (w)/A;} > 0. (2.6)

With probability approaching one, the rostconsistent estimatqs in (I) satisfies

(a) 3, = 0, and (b)3, has an asymptotic normal distribution
Vn(Expz + Z)\){Bl — B+ Expz + ) 'b} L, N(0,T),
_ -
wherel' = F {Xn(e — U7,8y0) + €Uy + (U1 U — zuul)gm} )

To make statistical inference @), we need to estimate the standard error of the estimator

3,. From Theorem 1, the asymptotic covariance matrigofs

1
(Expz +20) T (Exz +20) 7 h

n
A consistent estimate alx |, is defined as
(n— 3)_1 ZH:W%2 = 2yl o EX\Z.
i=1
Furthermore]" can be estimated by
By = 1 3 Wi (V= WIB) + S}
=1

The covariance matrix of the estimaf@s, the nonvanishing component 8f can be esti-
mated by
—1 ~ _

" {Sxz+ 5081} T {Sxz+ (B0} 2.7)

whereX, (3, ) is obtained by replacing, by 3, in %,.
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Remark 1The proposed penalized least squares procedure can ylibectipplied for a
linear measurement error model, which can be regarded adaMLin the absence of the
nonparametric component 7). Thus, under the conditions of Theorem 1, the resulting
estimate obtained from the penalized least squares fun¢®@) is./n consistent, and

satisfies3, = 0, and
Vr{cov(X 1) + 3 }B, — By + {cov(Xyy) + £a} '] -2 N (0,Ty),
wherely = E {Xy1(c — U], 80) + U + (U U}, — Z0ut)Bio 2

We now consider the situation in whiéh,, is unknown. To estimatg,,,,, it is common
to assume that there are partially replicated observatsmthat we observ&v,; = X, +
U,; for j = 1,..., J; (Carroll, Ruppert, Stefanski, Crainiceanu 2006, Chaptet&W,; =
J;1 Zj;l W,; be the sample mean of the replicates. Then a consistengsetimethod

of moments estimate fot,,,, is

LetU, = J; ! Z;’;l U,;. Note that coyU;) = J; '%,,. Thus, the penalized least squares

function is defined as
- 1 A d
i=1 j=1
whereW, = W, —1y(Z;) andmyg(2) is local linear estimate of (W;|Z; = z). Through-
out this section, we assume tHaf_"", J;"' converges to a finite constantas— co.

Theorem 2Under the conditions of Theorem 1, we still have the follagvaonclusions:
() With probability approaching one, there exists a locahimizer 3 of Ep(im,ﬂ)

defined in (2.8) such thai3 — 3|| = O,(n"'/2).

() Further assume that al;, — 0, v/n\; — oo, and (2.6) holds. With probability

approaching one, the roatconsistent estimat@ in ) satisfies,é2 =0, and

Vn(Expz + EA){Z% — Bo + (Exz + ¥y 'b} L, N(0,T7),
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— _ _ 22
wherel™ = lim — Z E{ e: — U, By) +&U0a + (Ua U, — Jz’_lzwd)/BlO}

n—~0o0 n

andU;,, is the average o{le,] =1,...,J;}.

As a special case, i, = J; > 1, then it follows

N _ _ — ®2
"=F {X11(€ — UIIBIO) + €U11 -+ (UHUL — J()_lzuul)ﬁlo}

Because’.,, is a consistent, unbiased estimatordf,, Theorem 2 can be proved in
a similar way to Theorem 1 by replacingy (..., 3) by Ep(iw, 3). To save space, we
omit the detalils.

We next derive an estimate of the standard errgB ofA consistent estimator oty

is defined as

n 1 .
—1
n—s ;[{ zl_ 11|Z)} _zzuul] )
Whereiwl is the (s, s)—left upper submatrix oﬁuu. Estimates of™ can be also easily

obtained. Let

_ ~ T ~ ~
Ri =Wu(Y; = W;18y) + Zwu B/ i
Then a consistent estimate Bf is the sample covariance matrix of tii&'s. See Liang,

Hardle, and Carroll (1999) for a detailed discussion.

3 PENALIZED QUANTILE REGRESSION

In the presence of outliers, the least squares method mé&yrpebadly. Quantile regres-
sion is taken as a useful alternative and has been populathrtibe statistical and econo-
metric literature Koenker (2005) provides a comprehensive review on quarggeession

techniques In this section, we explore robust variable selection, prapose a class of
penalized quantile-regression variable selection pra@=sifor PLMeM in the presence of

contaminated response observations.
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In the penalized least squares procedure discussed irsttselion, the termn3'%,,.3
was included in the loss function (2.2) to correct the ediiomabias due to measurement
error of the ordinary least squares estimate. However,apysoach cannot be extended
to quantile-regerssion for correcting the estimation lnesause a direct subtraction can
not correct bias We now propose a penalized quantile function based on thegonal
regression. That is, the objective function is defined assthme of squares of the orthog-
onal distances from the data points to the line, instead@félsiduals obtained from the
classical regression (Cheng and Van Ness 1999). The omiabgegression has been used
to correct estimation bias due to measurement error of th&t Equares estimate of re-
gression coefficients in linear measurement error modeéfsl(¢y 1947; Madansky 1959).
He and Liang (2000) applied the idea of orthogonal regressioquantile regression for
both linear models and partially linear models with measwet errors. However, they
did not consider variable selection problem. Partly mdaéday the work of He and Liang
(2000), we further used the orthogonal regression methavelop a penalized quantile
regression procedure to select significant variables ip#ngally linear models.

To define orthogonal regression for quantile regressioh wieasurement error data,
it is assumed that the random vecter U") follows an elliptical distribution with mean
zero and covariance matriky:, whereo? is unknown, whileX is a block diagonal matrix
with (1,1)-element being 1 and the last d diagonal block matrix being’,,,. Readers
are referred to Fang, Kotz, and Ng (1990) for details abdigtielal distributions and Li,
Fang, and Zhu (1997) for tests of spherical and ellipticahsyetry. The matrixC,,, is
proportional to>.,,,, and is assumed to be known in this section. As discussed ilashe
section, it can be estimated with partially replicated obesgons in practice.

Denotep, ther-th quantile objective function,
p-(r) = Tmax(r,0) + (1 — 7) max(—r,0). (3.1)

Note that the solution to minimizingp. (s —u) overu € R is ther-th quantile of:. Define
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penalized quantile function to be of the form:

n Vo /\T d
£ S (FE ) S 0 a2

i=1 1+ 8'Cu0

He and Liang (2000) proposed the quantile regression egifoa3 by minimizing the
first term in (3.2). However, it is assumed in He and Liang @0hat (¢, U") follows

a spherical distribution, i.eC,, = I;. The sphericity assumption implies that the el-
ements ofU are uncorrelated. Here we relax the sphericity assumptiter.and Liang
(2000) also provided insights into why to use the first term(3r2). Because; and

(e; — U}ﬁ)/m have the same distribution on the basis of the fact given in
(A.8) in Appendix A.2, we can establish the consistency lierriesulting estimate by using
similar arguments to those in He and Liang (200Q@ompared with the penalized least
squares function in (2.3), the penalized quantile functises the factom to
correct the bias in the quantile loss function due to thegres of the error-prone variables.

Let f(-) be the density function of, a,, = O(n~'/2) andb,, — 0.

Theorem 3Suppose that:;, U;) follows an elliptical distribution with mean zero and the
covariance structure aforementionedfet 1, ..., n. Assume thathe equatiorntp, (¢; —
q) = 0 has the unique solution, which is denotedpy and thatf(w + ¢.) — f(¢,) =

O(w'?) asw — 0. Then,

() With probability tending to one, there exists a local irriizerBT of £.(8) defined

in (3.2) such that its rate of convergence&ig(n=1/2).

(1) Further assume (2.6) holds. Ifall — 0, \/n\; — oo, then with probability tending
to one, the root consistent estimatg@. = (3., B.,)" in (I) must satisfy (a)3., =

0; and (b)y/nf(q-)(1 +ﬁ{0011/810)1/22X\Z(B7'1 —B1o) +nb(1+B1,C118,0)"? L

N(0, J,), whereCy; is the firsts x s diagonal submatrix o€,,,, and

£B1
Ty =71 —7)%x7 + ; Uy + 3.3
(1 —7)Expz cov{w (€) ( 1 \/1 ‘*‘ﬁ{ocllﬁlo) } (3.3)

with ¢ = (e — Uhﬂlo)/\/l + B10C11810 — ¢- andyy; being the derivative op,.
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It is worth pointing out that wher©C,,, = I, andb = 0, which corresponds to no
penalty term in (3.2), the asymptotic normality is the sam#éhat in He and Liang (2000).
However, the conditions imposed in Theorem 3 are weaker tiase in He and Liang

(2000).

4 SIMULATION STUDY AND APPLICATION

We now investigate the finite sample performance of the peggrocedures by Monte
Carlo simulation, and illustrate the proposed methodolmggn analysis of a real data set.
In our numerical examples, we use local linear regressigstimnatem,, (=) andm,(z)

with the kernel functiori (u) = 0.75(1 — u?)/(ju<1)-

4.1 IssuesRelated to Practical Implementation

In this section, we address practical implementation ssfi¢he proposed procedures.
Bandwidth selection. Condition (b) in the Appendix requires that the bandwidthesti-
matingm,,(-) andm,,(-) are of ordemn~'/>. Any bandwidths with this rate lead to the same
limiting distribution for 3. Therefore the bandwidth selection can be done in a standard
routine. In our implementation, we use the plug-in bandiwstlector proposed in Ruppert,
Sheather, and Wand (1995) to select bandwidths for the @stimofm,,(-) andm,(-). In

our empirical study, we have experimented shifting bantivé@round the selected values,
and found that the results are stable.

Local quadratic approximation. Since the penalty functions such as the SCAD penalty
and theL, penalty with0 < ¢ < 1 are singular at the origin, it is challenging to minimize
the penalized least squares or quantile loss functions.tddamd Li (2005) proposed a

perturbed version of the local quadratic approximationari Bnd Li (2001); that is,

1, e
o, (18 = pa, (185D + 405, U857 D/ (571 + 355 = 557) < an, (15,
wheren is a small positive number. Hunter and Li (2005) discussed toodetermine the
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value ofn in detail. In our implementation, we adopt their strategychmoser. With

the aid of the perturbed local quadratic approximationNbeton-Raphson algorithm can
be applied to minimize the penalized least squares or dadasis function. We set the
unpenalized estimaf@’ as the initial value of3.

Choice of regularization parameters. Here we describe the regularization parameter se-
lection procedure for the penalized least square functid@.8) in detail. The idea can be
directly applied for the penalized least square functio(Ri2) and the penalized quantile
regression. For the penalized least squares function8p, (2t

n

S [{Yi =, (Z) — (W, - i(2))'BY — J7 87500 -

=1

DN | —

(B) =

Then
d
Lp (S, B) = €(B) + 1> ar,(18)])-

j=1
Following Fan and Li (2001), we define the effective numbepafameters

e(A) = tr[{L%(Suu, B)} 10" (B)],

whereX = (A, -+ -, \y), and, for any functiog(3), ¢"(8) = 8%9(3)/0BI3", the Hessian
matrix of g(3). Following Wang, Li, and Tsai (2007), we define the BIC scorbeo

BIC(A) = log RSS, + ¢(A) * log(n)/n,

where RSS is the residual sum of squares corresponding to the modedtsel by the pe-
nalized least squares with the tuning paramederMinimizing BIC(A) with respect to\
over ad-dimensional space is difficulEan and Li (2004) advocated that the magnitude of
A, should be proportional to the standard error of the unpeedlieast squares estimator of
3;, denoted by3y. Following Fan and Li (2004), we take = X x SE(3"), where SE3¥)

is the estimated standard error@f. Such a choice of; works well from our simula-
tion experience. Thus, the minimization problem oXewill reduce to a one-dimensional

minimization problem concerning, and the tuning paramatesnd the minimum can be
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obtained by a grid search. In our simulation, the range isfselected to be wide enough
so that the BIC score reaches its minimum approximatelyemtiddle of the range, and
50 grid points are set to be evenly distributed over the rarige

For the penalized quantile regressipn(-) is not differentiable at the origin. We use the
MM algorithm proposed by Hunter and Lange (2000) to mininlee penalized quantile
function. In other words, we approximate(-) by a local quadratic function at each step
during the course of iteration. This idea is similar to thith@ perturbed local quadratic

approximation algorithm.

4.2 Simulation Studies

In our simulation study, we will compare the underlying prdares with respect to esti-
mation accuracy and model complexity for the penalizedtisqsares and the penalized
guantile regression procedures. It is worth noting thattst method for achieving the
most accurate estimate (i.e. minimizing the squared enr&@xiamples 1 and 2) need not
coincide with the best method for having the sparsest maoeel inaximizing the expected
number ‘C’ of correctly deleted variables and minimizing #xpected number 'I' of in-

correctly deleted variables in Examples 1 and 2).

Example 1In this example we simulated00 data sets, each consistingof= 100, 200
random samples from PLMeM (2.1), in whiehz) = 2sin(272z*). The covariates and
random error are generated as follows. The covariate véCtmr generated from a2-
dimensional normal distribution with mean 0 and variance To study the effect of
correlation among covariates on the performance of vaiaklection procedures, the
off-diagonal elements of covariance matrix Xf are set to be ca¥;, X;) = 0.2 for

i =1,2andj =1, ---,12, coV(X;, X;) = 0.5 for¢,j = 3,---,6, couX;, X;) = 0.8
for i, = 7,---,10, and covX;, X;) = 0.95 for 4, = 11,12. Thus, X; and X,
are weakly correlated with the othéf-variables, X5, - - -, X4 are moderately correlated,

while X-,--- X, are strongly correlated.X;; and X, are nearly collinear.In this
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example, we se3, = ¢(1.5,0,0.75,0,0,0,1.25,0,0,0,1,0)" with ¢; = 0.5,1 and

2 so that one of weakly, moderately, strongly correlated early collinear covariates
has nonzero coefficient, and the other covariates have zafiaients. The covariate

7 = ®{(X, + v/3Z,)/2}, whereZ, ~ N(0,1) and®(-) is the cumulative distribution

of the standard normal distribution. Thus, ~ uniform(0, 1), but is correlated with the
X-variables. The correlation betwegrand.X; is about 0.5, while the correlation between
ZandX; (j = 2,---,12) is about 0.1. In this example, we consider two scenarios to
generate the random error: £ijollows N (0, 1), i.e., homogeneous error; and @ijollows
|sin{27(X"3)? + 0.22}|(X$ — 2), whereX? denotes the chi-squared distribution with
degrees of freedom. This case is designed to investigateffiwt of asymmetric and het-
eroscedastic error on the estimators. The first 2 compooéXsare measured with errors
U; which follow a normal distribution with mean 0, variane®.5? and correlation between
U, andU, being 0.5. The last 10 componentsXfare error free. To estimate,,, two
replicates ofW are generated, i.e/; = 2. To study the effect of the level of measurement
error, we take:, = 1 and 2. A direct calculation indicates that the naive estimatop3of
will be consistent te, (1.12, —0.10, 0.77,0.02,0.02, 0.02, 1.26,0.01, 0.02, 0.02, 1.04, 0.01)

for ¢; = 1 and¢;(0.91, —0.13,0.78,0.03,0.04, 0.03, 1.26, 0.02, 0.02, 0.03, 1.06, 0.01) for

co = 2. The magnitude of all elements but the second of these twiorgets the same

as that of the corresponding elements@f This point was justified by Gleser (pp 690,
1992) thatseparate reliability studies of each componen®ofgenerally cannot substi-
tute for reliability studies of the vectdX treated as a unitWe therefore anticipate that if
one ignores measurement errors, any appropriate varialgletion procedures may falsely
classify the second componentXfas a significant one. Consequently, the number of zero
coefficients decreases Tdrom 8. Our simulation results below exactly demonstrate this
point, and further indicate that ignoring measurementramray cause errors in variable
selection procedures. For each case, we conduct 1000 simulations. To save space, we

present results far = 200 only.
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We first compare estimation accuracy for the penalized kegsares procedures with
and without considering measurement errors. Table 1 deffietmedian of squared error
(MedSE),||3 — 3,12, over the 1000 simulations. In Table 1, the top panel is the $eof
the penalized least squares procedures which take accomeasurement error, while the
bottom panel is the MedSEs of the penalized least procetfymesng measurement error.
As a benchmark, we include the oracle estimate, the estifoajast the nonzero subset
of slopeg3, if this subset were known and specified in advance. The aolwith ‘Full’
stands for the estimator based on the loss function modifienbtrect bias due to mea-
surement error, but not penalized for complexity. The caiamwith ‘SCAD’, ‘Hard’ and
‘Lo 5 stand for the penalized least squares with the SCAD peniaikéyhard-thresholding
penalty (Fan and Li 2001) and thg 5 penalty, respectively, and the columns with AIC,
BIC, and RIC stand for the penalized least squares procsduite AIC, BIC and RIC
penalties, as defined in Section 2, respectively, and ‘@r&ml the oracle procedure. Since
the entropy penalty is discontinuous, the solutions for ABGC, and RIC are obtained by
exhaustively searching over all possible subsets. Thestebulting subsets are the best
subsets for the corresponding criterion, and the compmunakicost for these procedures is
much more expensive than that for the proposed penalizetidgaares methods with the
continuous penalties. Rows with ‘Homo’ stand for the eerr@s a homogenous error, cor-
responding to scenario (i), while Rows with ‘Hete’ standtfoe error: is a heteroscedastic
error, corresponding to scenario (ii). From Table 1, aliatale selection procedures sig-
nificantly improve the MedSE over the full model no matter Wiee the measurement
error is considered or not. Furthermore, the MedSE withrbetedastic error is slightly
larger than that with homogeneous error. Weighted percalzast squares might be used
to improve the penalized least squares in the presence @fdseedastic error. The level
of measurement error certainly affects the performancheptocedures compared in Ta-
ble 1. That is, with an increase of eitheyr or ¢,, MedSEs of all procedures increase no

matter the procedures account the measurement errors.or Atexpected, the MedSE
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of a procedure taking into account the measurement erroarsatically less than that of
the corresponding procedure without considering measemearror. As shown in Table 1,
the MedSEs of the penalized least squares procedures wikb Sdard andL 5 penalties
are much smaller than those of the best subset variabldiselpcocedures with AIC, BIC
and RIC. Although the penalized least squares with SCADdHad L ; penalties share
the asymptotic oracle property in Theorem 2, the SCAD procedvas advocated by Fan
and Li (2001) due to its continuity property, which is shalsdthe Hard procedure and
Lo 5 proceduresReaders are referred to Fan and Li (2001) for the definitiocootinuity
property. The continuity property of the SCAD procedure may increagaration accu-
racy and avoid variable selection instability. As seen fitable 1, the SCAD procedure
performs the best in terms of estimation accuracy amongéhalized least squares pro-
cedures with SCAD, Hard anfy, 5 penalties. The MedSE of the SCAD procedure is quite
close to that of the oracle procedure.

Now we compare the model complexity of models selected bptbposed procedures.
Overall, results for homogeneous error and heteroscedasbr are similar in terms of
model complexity. See Tables 2-3. In Tables 2 and 3, the collaieled ‘C’ denotes
the average number of the eight true zero coefficients the¢ w@rectly set to zero, and
the column labeled ‘I' denotes the average number of the fialy nonzero coefficients
incorrectly set to zero. These two tables also report thegtmns of models underfit-
ted, correctly fitted and overfitted. In the case of overfiftithe columns labeled ‘1’, ‘2’
and > 3’ are the proportions of models including 1, 2 and more thanr@dvant co-
variates, respectivelyFrom Table 2, it can been seen that when measurement ereors ar
taken into account, the proportion of correctly fitted moithereases and the number of
true zero coefficients identified is closer to 8cagets large, whereas a converse trend is
observable as, gets large. This may be not surprised since whehecomes large, the
nonzero coefficients are further away from zero, and zerfficents may be easier to be

identified. Whilec, gets large, the measurement error may be more involvedanuting
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non-zero coefficients, and it is more difficult to correctigntify the zero coefficients. An
inverse pattern can be observed for the proportion of uritetfor overfitted model, and
the number of false zero coefficients. However, a similarctusion is not available when
measurement errors are ignored. In particular, the nunflmrcectly set zero coefficients
closes to seven instead of eight, as expectegdomparing Table 2 with Table 3, we can
see that the proposed penalized least squares can drdipatdaice model complexity.
In terms of model complexity, the SCAD, the Hard and fhg procedures considering
measurement error outperform the ones that do not consiga@sumement error by further
reducing model complexity, and increasing the proportiboaorectly fitted models. The
gain in the proportion of correctly fitted models by incorgimg measurement error can
be 10%, 20% and 30% fer = 1 andc; = 0.5, 1 and 2, respectively. The gain can be even
more forc, = 2. This is expected since ignoring measurement error may tead tncon-
sistent estimate. Thus, ignoring measurement error, e dfi the estimates of the zero
coefficients can be large, thus increasing the chance ofifgieig the corresponding vari-
ables as significant ones. As to the best subset variabletisel@rocedures, it seems that
a variable selection procedure ignoring measurement gietits a sparser model than the
corresponding one incorporating measurement error, @ftndhe latter has much smaller
MedSEs, as shown in Table 1. From Tables 2 and 3, the SCAD arig gprocedures that
consider measurement error outperform other proceduresnms of model complexity.

It is somewhat surprising that the, 5 procedure performs slightly better than the SCAD
procedure in terms of the number of zero coefficients, angestdarms the SCAD proce-
dure in terms of the proportion of correctly fitted modelshalgh the SCAD procedure
has smaller MedSE than thg ; procedure. We further check our simulation output, and
find that the SCAD estimate may contain some very small, bntaeyo coefficient esti-
mate to gain the model stability and estimation accuracyays a price at reduction of
the proportion of correctly fitted models. This explains whys has better proportion of

correctly fitted models and also has larger MedSE than thels@#cedures. Increasing
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the level of measurement error does not really affect theageenumber of the eight true
zero coefficients that are correctly set to zero, but doghtjiincrease the average number
of the four truly nonzero coefficients incorrectly set to@erhis yields an increase in the
proportion of under-fitted models. By a closer look at thepatitwe find that most under-
fitted models selected by the SCAD, the Hard andithe procedures including’;, while
excludeX;;. However, in the presence of high-level measurement efrerpest subset
variable selection procedures that account for measureener have quite large propor-
tions of under-fitted models. This is certainly undesirabl®m our simulation experience,
it is found that these procedures tend to fail identifyiXigas a significant variable.

With respect to estimation accuracy and model complexafplds 1, 2 and 3 suggest
that the SCAD procedure performs the best. We have alsaltdsteaccuracy of the stan-
dard error formula proposed in Section 2. From our simuhatice found that the sandwich
formula (2.7) gives us accurate estimates of standardsgraod the coverage probability
of the confidence interval; + 2,SE(3;) is close to the nominal level, wherg, is the
100(1 — «/2)th percentile of the standard normal distribution. To sgaEs, we do not to

present the results here.

Example 2We generate 1000 data sets, each consisting-6f200 random observations
from model (2.1), in which the covariaté§, Z, and the baseline function) are ex-
actly the same as those in Example 1. The regression cogffiegetor 3, is taken to
be the same as the one with = 1 in Example 1. The first two components &f are
measured with the errdd, while (¢, U") follows a contaminated normal distributions,
(1 — 7)N3(0,0°I3) + wN3(0, (100)2I3) with 7 being the expected proportion of contami-
nated data. Thugs, U") follows an elliptical distribution, which satisfies the asgptions
of Theorem 3. This contaminated model yields outlying data more regular and pre-
dictable fashion. To simultaneously examine the impactooft@mination proportion and

the level of measurement error, we consiger 0.05,0.1 ando = 0.1 and 0.2.
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The MedSE||3 — B, ]|?, over 1000 simulations for = 0.1,0.25,0.5,0.75 and 0.9 are
displayed in Table 4, whose caption is the same as that oBThbln this example, we
also investigate the impact of the outliers on the perforreanf penalized least squares
procedures. The row with ‘LS’ in Table 4 is the simulationuks for the penalized least
squares procedures. It can be seen from Table 4 that theizehgjuantile regression
procedure outperforms the corresponding penalized |lepstres procedure in terms of
MedSE. The gain in the penalized quantile regression ovep#mnalized least squares is
considerable. The MedSEs for differentare similar for each combination af ando.
Table 4 shows that the SCAD procedure performs the best athengenalized quantile
regression procedures in terms of MedSE. The MedSE of thd5@8cedure is very close
to that of the oracle estimate.

Since overall pattern for the model complexity of the perediquantile regression with
different values of- is similar. To save space, Table 5 depicts the model contglekihe
penalized least squares and penalized quantile regresgion = 0.5 only. Because the
model complexity of the penalized quantile regression withBIC and RIC is similar, we
present the results with BIC only in Table 5. The caption & ¢hme as that in Table 2.
From Table 5, it can be seen that the model complexity of tmalpeed least squares is
significantly affected by the proportion of contaminatediad@) and the noise leveb),
which also indicates the level of measurement error in tkésrgle. Whernr = 0.1, the
penalized least squares can outperform the penalizedipuaagression in terms of model
complexity. However, whewr = 0.2, the penalized least squares procedures performs
badly. In this example, the penalized quantile regressitm AlIC, BIC and RIC penalties
has a large portion of under-fitted models. This is undekgraind therefore they are not
recommended. The model complexity for differents similar for each combination of
m ando. The SCAD andL, ; procedures have almost the same average number of zero
coefficients in the selected models. Both the SCAD and iyeprocedures perform better

than the Hard procedure in this example. Thg procedure has a higher proportion of
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correctly fitted models than the SCAD procedure. This is istast with the observation

in Example 1.

4.3 An Application

Now we illustrate the proposed procedures by an analysisreéladata set from a nutri-
tional epidemiology study. This data set has been analyz€iroll, Freedman, Kipnis,
and Li (1998). In nutrition research, the assessment of dividual’s usual intake diet
is difficult but important in studying the relation betweeietdand cancer as well as in
monitoring dietary behavior. Food Frequency QuestiomsaiFFQ) are frequently admin-
istered. FFQ'’s are thought to often involve a systematis fia., under- or over-reporting
at the level of the individual). Two commonly used instrutseare the 24-hour food recall
and the multiple-day food record (FR). Each of these FR'sdasamvork-intensive and more
costly, but is thought to involve considerably less bianth&FQ.

We consider the data from the Nurses’ Health Study (NHS)¢lvts a calibration study
of sizen = 168 women, all of whom completed a single FFQ,and four multiple-day
food diaries (; = 4 in our notation),z,. Other variables from this study include 4-day
energy and Vitamin A (VA),, the energy intakeys;, body mass index (BMI)z,4, and
age,z.

Because of measurement errars,is not directly observable. Four replicatesagf
denoted by, - - -, wy, are collected for each subject. Of interest here is to inyat® the
relation between FFQ and FR, and the other four factors. ABustration, the following
PLMeM is considered:

4 4 4
y=uv(z)+ 1; By + ;gﬁwxu% +e, (4.1)
and for each subject,

wj:xl—i_uj? jzla'”747

are observedWe apply the SCAD variable selection procedure to the mo8elice the
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linear component in (4.1) is quadratic in tB&variables, we do not penalize the linear
effectsg;, j = 1,-- -, 4, but penalize all othes’s in the SCAD procedure. The selected
is 6.9857 by minimizing the BIC score. With the selectedhe estimated coefficients for
the selected model by SCAD are presented in the 3rd columaldé®. For the purpose of
comparison, the estimated coefficients and their standestsare listed in the 2nd column
of Table 6. We further apply the penalized quantile regmsprocedure witlr =0.1, 0.25,
0.5, 0.75 and 0.9. The resulting estimates are depictedtths 8th columns in Table 6,
respectively. From Table 6, the estimates of regressiodiffarentrs are almost the same.
This implies that the error likely is homogeneous error.tikemmore, the selected model by
the SCAD indicates that all interactions and quadratic $eane not significant. To further
confirm this, we construct a Wald’s test based on the asymsptotmality in Theorem 2

without involving the penalty for hypothesis:
Hy:Buw=0,for2<u<wv<4 versusH; : [, #0, for2<u<wv <4

From Theorem 2, the limiting distribution of the Wald testdas a chi-square distribution
with 6 degrees of freedom. The resulting Wald's test is 1@48ith P-value 0.0518, which

is in favor of Hy. Thus, we would conclude the following selected model
7 = 0(z) — 0.0230z; + 0.2705z5 — 0.049725 + 0.0158z,.

wherer(z) equalsi(z) — 1, (z)"8 and is depicted in Figure 1, from which the effect of

age seems not significant as the curve looks like a constanto.e.

5 DISCUSSION

Variable selection for statistical models with measurenegrors seems to be overlooked
in the literature. In this article, we have developed twssts of variable selection pro-
cedures, the penalized least squares and the penalizetilguegression with nonconvex

penalty, for partially linear models with error-prone laneovariates and possibly contam-

inated response variable. The sampling properties of thegsed procedures are studied,
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the finite sample performance of the proposed methodologynigirically examined, the
effects of ignoring measurement errors on variable selecire also studied by Monte
Carlo simulation, and numerical comparisons between thpqsed method and direct ex-
tension of traditional variable selection criteria, sushA#C, BIC and RIC, are conducted.
From our simulation study, the nonconvex penalized leas&iss and penalized quantile
regression methods outperform direct extension of thetioadl variable selection criteria.

As a referee pointed out, in the corrected least squaresidumche first two terms in
(2.2) may take on negative values. In particular, one maymansuch problems frequently
under the low-information conditions. If this occurs, onight consider correcting the bias
in the least squares loss by using the orthogonal residwettsad, as in (3.2). Further study
is needed in this area.

As demonstrated in our simulation, the proposed procecuedsrm reasonably well
with moderate sample sizes. As a referee noted, it is ofestéo study variable selection
for large dimension, small sample size measurement ertar dée have conducted some
empirical study via Monte Carlo simulation. From our linttexperience, one should be
cautious in applying our methods when the number of predigsaclose to the sample size.
In such situations, the proposed procedures likely res@hiunder-fitted model excluding
some significant predictors. There are some recent develoizon variable selection for
linear regression models with large dimension and smalpséasize data (Candes and Tao
2007; Fan and Lv 2008). Further research is needed for mevasut error data.
Futureresearch. As a future research topic, it is of interest to extend tloppsed method-

ology for the generalized varying coefficient partiallydar measurement error model:
g{E(Y‘XbXQ?Z)} :X{ﬁ—l—Xgl/(Z), Wl :X1+U> (51)

whereg is a link function. In the absence of measurement errors nlmidel has been stud-
ied in Li and Liang (2008) and includes many existing senapaetric regression models

as special cases. For example, both the partial linear mevasat error model and the
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generalized partially linear measurement error model
HEY|X,2)} =X"B+v(Z), vW=X+TU

are special cases of model (5.1). For the generalized [pailirzear measurement error
model, Liang and Ren (2005) proposed an estimation apprfoagh which is a mixture
of the simulation extrapolation (Stefanski and Cook 199raach and the quasilikeli-
hood procedure (Severini and Staniswalis 1994).

As another example of model (5.1), semiparametric vargiogficient partially linear
models:

Y :X{ﬁ—FX;V(Z)—F&“, W1 :X1—|—U,

we may be concerned with variable selection for the paramedmponentW; and the
vector of the nonparametric functiong(z). In the absence of measurement error, this
model has been studied by Zhang, Lee, and Song (2002), XemgZand Tong (2004) and
Fan and Huang (2005) for independent and identically thsteid data, and by Fan, Huang,
and Li (2007) for longitudinal data. Variable selection foodel (5.1) with measurement

error data is an interesting and challenging topic, andamsrfuture study.
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APPENDIX

The following regularity conditions are needed for the fgsoaf Theorems 1-3. They may
not be the weakest ones.

Regularity Conditions
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(a) Xz is a positive-definite matrixfZ(¢|X, Z) = 0, andE(|¢]*| X, Z) < o0;
(b) The bandwidths in estimating,, (z) andm,,(z) are of ordem~'/?;

(c) K(-) is a bounded symmetric density function with compact suppod satisfies

JK(u)du=1, [ K(u)udu = 0 and [ v*K (u)du = 1;

(d) The density function of, f~(z), and the density function ¢¥’, Z) are bounded away

from O and have bounded continuous second derivative;
(e)m,(z) andm,(z) have bounded and continuous second derivatives;

We first point out a fact, which is assured by Conditions @))-that the local polyno-

mial estimates ofn,(-) andm,,(-) satisfy
sup [my(z) —my(2)] = Op(n71/4)a and sup |7y, ;(2) — mu,;(2)| = Op(n71/4) (A1)

forj=1,---,d, wherem, ;(-) andm,, ;(-) are thej-th components ofn,,(-) andm,,(-),
respectively. See Mack and Silverman (1982) for a detaiisdudsion of the proof of

(A.1), which will repeatedly be used in our proof. Lgt| = max; |{;| for any sequence

{&}-

Lemma 1Assume that random variables W, Z;, Y;) andc¢;(W,, Z;,Y;), denoted by,
andc;, satisfya;(W;, Z;,Y;) = 1 or Ea; = 0 and|c;| = o,(n~'/%). Then

n
Z a;ciw; = op(v/n),
=1
wherew; are independent variables with mean zero and finite variance

The lemma can be shown along the same lines as those of Lentraf Alang, Hardle,

and Carroll (1999). We omit the details.
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A.1 Proof of Theorem 1

The strategy to prove Theorem 1 is similar to those of Thesrgérand 2 of Fan and Li
(2001). Only the key ideas are outlined below.
Let a,, = n~ /2. We show that, for any gived > 0, there exists a large constafit

such that

P {”\}lnfc EP( uuuﬂo + OénV) > EP(EuuaﬂO>} Z 11— C (A2)

Denote

n

W) = ST Wi, + e - (% - Wia,)]

i=1

—n{(By + anV) " Eu(By + anV) — ByuBy}
Then, J,(v) can be represented as
In(V) = —2a, 2": ()72\/7\\7; —~ WIB,WI + ﬂgEu) v+ na2v' (n "W, WT — ,)v. (A.3)
=1
We next calculate the order of the first term. Note that

Y (VW] - WIB,WI + Bi%,)
=1

Sl A YA AR AL o v Wém- W)

i=1 i=1
+ 2 (Y = WIBWI + Bi5.) — 3 (Wi — W) By(Wi = W)
] =1
— S WIB(Wi — W) — Y (W, — W8, W,
i=1 i=1
Itis seen that the first and fifth terms argn'/?) by (A.1). Using Lemma 1 yields that the
second, third, sixth and seventh terms @gn'/2). FurthermoreEY; = 0, EW, = 0,
It follows from the central limit theorem that the fourth teis O, (n'/?). Therefore, the
first term in (A.3) is of the orde©,(v/na,) = O,(1) asa,, = O(n~'/?). TakingC large
enough, the first term in (A.3) is dominated by the second ter(A.3) aSn*VViVVZT —
3, — EX™X in probability.
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Note that

Dn(v) = EP(EuuaﬂO + OénV> - EP(E’MU7/80)

> Tu(v) 403 o (1850 + anvy]) — pa (1s0])}, (A4)

j=1
wheres is the number of components 8f,,.

As shown in Fan and Li (2001), the second term of (A.4) is bawhay the second term
in (A.3) under the assumption ef, = O,(n"'/?) andb, — 0. Thus, by taking”' large
enough, the second term in (A.3) dominates both the first ie(h.3) and the second term
in (A.4). This proves Part I.

We now prove the sparsity. It suffices to show that for any mige satisfying||3, —
Bl = Op(n~Y2)andj = s + 1,....d, such that%ﬁ;““m > 0for0 < 3 < e, =
Cn~ 112, and 222l < O for —e, < 3; < 0.

By the Taylor expansion, we have

8['P(Euua ﬂ)

Dp = 2 () — (Wi mu(Z))

{W; —m,(Z)}; +npl\, (18;])s9n(3;).

The first term can be shown to I6&,(n~'/2) by (A.1) and that3, — 3,, = O,(n"/?).
Recall that!/2\ — oo, andlim inf,, ., liminf,_q+ p)(u)/A > 0. We know that the sign
of %ﬁ;‘“’m is determined by that of;, and is negative fob < 3; < ¢, and positive for
—e, > f3; > 0. It follows that3, = 0.

We now prove llI(b) by using the results of Newey (1994) to shiograsymptotic nor-
mality of 3,. Note that the estimatoy3, based on the penalized likelihood function given
in (2.2) is equivalent to the solution of the estimating dopra

Zn:lcb(ﬁwl,my,ﬂl, Y, Wi, Z;) —n¢, =0, (A.5)

Where@(mwl,myyﬁlﬁ}/awla Z) - {Wl - mwl(Z)} [Y - my(Z) - {Wl - mwl(Z)}Tﬁl}_
St By and¢y = {p([B1])sgn(By), - . -, pA(IB.)sgn(B,)}".
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It follows from (A.1) that|mi,, (Z) — my,,(Z2)| = o,(n~Y4) andm,(Z) — m,(Z) =
0,(n~1/*). Thus, Assumption 5.1(ii) in Newey (1994) holds. Let

o . oD

D(m* (mwl — mwl) -+ amy

wl

— My, M, — My) (my, —my).

- amwl
where% and 8‘% are the Frechet derivatives. A direct but cumbersome cationl

derives that” (ai—il) =0andF (aa—nfy) = (. Furthermore,

|<I>(l’l’l* meBl?Y? Wla Z) - cb(mwl;my?/Bl?Y? Wla Z) - D(l’l’l*

wls wl_mwbmz_my)‘

= Oy (Im}, — my |* + [y — my ) . (A.6)

This indicates that Assumption 5.1(i) in Newey (1994) isdiaFurthermore, it can be seen
by noting the expression db(-, -) that Assumption 5.2 of Newey (1994) is also valld.

addition, it follows from the above statements that for amy,,, m.),

E{D(m, — my,m; —m,)} =0,

and Newey’s Assumption 5.3,(7") = 0, holds. By Lemma 5.1 in Newey (1994), it follows

thatB1 has the same distribution as the solution to the equation

0= Z@(mwl, my, By, Y, Wi, Z;) —ng;. (A.7)
=1
A direct simplification yields that
5(/115(/{1\/5([‘31—[301)—1—7@1/% =n/? Z{X/il(52‘_Uzﬁm)"‘Uﬁrf‘(Uz‘U;—Euul)510}+0p(1)'
=1

This completes the proof.

A.2 Proof of Theorem 3

To prove Theorem 3, we need a fact regarding elliptical itistions. Letd be a random
vector. It is said that? follows an elliptical distribution if its characteristicifiction is of

the form
E{exp(it’™®)} = exp(in't)p(tTAt).
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It is known thatE(¥) = p and coyd) = {—2¢'(0)}A (Fang, Kotz, and Ng 1990). Fur-

thermore, we have that jif = 0, then for any constant vectbr= 0,

A 4 biﬂ (A.8)

JO"Ab/A;;

whered, is the first element of}, andA; is the (1,1)-element ok, and i, 4 R>; means
R, and R, have the same distribution. (A.8) can be easily shown byutaiog the char-
acteristic functions of the random variables on each sidé &).

Now we prove Theorem 3. We can use the arguments similar getfoy Theorem 1

to prove Part | and li(a), and omit the details. We now finighphoof of Part 1l(b) in three
1+ﬂTCuuﬂ 1 & T /71+ﬁ1_cuuﬁ 1

a; =W, + _sUB 3, andc; = wf(ﬂ) wherer). is the derivative op,.

1+8'c.0 /118" c..B

Step 1. Itis straightforward to verify that

steps. For notational simplicity, writg¢ = W, +

max @ — a;| = op(n~ 14, max |2 — ;| = 0, (4. (A.9)

Note that bothu; andc; are sequences of i.i.d. variables with mean zero and finitarvees.

It follows from (A.9) and Lemma 1 that

= Op(nl/Q)'

This argument indicates that the estimefﬂqrhas the same asymptotic distribution as that

of the estimators constructed by minimizing the objectisction:

Y }7; _WZT/B a def d
"\ Jizgc.s) Nl T N

with respect tq3.
Step 2. Note that the loss functiop, is differentiable everywhere except at the point of

zero. The directional derivatives 6§(3) at the solution3, are all non-negative, which
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implies that

— Y, - W! Y, — W3 —
2 : Wz - 1M1 . 1M1 o TC
i < L 1+ ﬁ1c1lﬁ1ﬁl> v ( 1+ ﬁ{cnﬁﬁ) e AiCupy

= 0, Wy) (A.10)

A

atB, = B,,.

Step 3. We apply a similar idea to Corollary 2.2 of He and Shao (1986M-estimators
to complete the proof by verifying the assumptions neededhf® Corollary and setting
r =1, Ay = Mpax(T)n, andD,, = nf(g.)(1 + B1yC11B1) V*Zxz. Here . (T,)

denotes the maximum eigenvaluef which is equal to

< 3¢
E{?(6)X$? +cov{(U + 10 )wfg}.
{7 (XTI} 11 \/1+ﬁ{ocllﬁlo (€)

Furthermore, lef; = (¢; — U}lﬂlo)/\/l + B10C11840 — ¢-- With the assumption of ellip-

tical symmetry one, UT) and by (A.8),§; ande; — ¢, have the same distribution. It then

follows from an argument similar to that for Corollary 2.2k¢é¢ and Shao (1996) that

Vif(g:)(1+ B1oCuiBio) *Sxiz(Br — Bio) + nb\/l + B10CuBo

l &+ §iB1o
= — Z (Xil +U; + Y- (&) + op(1).
Vg \/1 + B1:C11810 ’
The proof of Theorem 3 is completed by using the central litnéorem with a direct
calculation.
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Table 1: MedSEs for Example 1

(c1,¢9) Error\ Full  SCAD Hard Los AIC BIC RIC  Oracle

Incorporating Measurement Error

(1,1) Homo| 20.942 2.542 2.897 3.279 9.172 5.223 5.437 2.289
(1,1) Hete| 25.891 3.517 3.930 4.404 12.236 6.346 6.906 2.960

(.51) Homo| 8.894 1.267 1.633 1.745 3.830 1.590 1.699 1.022
(.5,1) Hete| 14.970 2.316 2.553 2.929 6.378 2.576 2.670 1.619

(2,1) Homo| 64.328 7.920 8.493 9.754 30.595 25.215 25.810 7.178
(2,2) Hete | 72.853 9.639 10.540 11.376 34.005 25.554 26.818 8.630

(1,2) Homo| 40.720 5.676 5.803 6.350 14.154 11.150 11.468 4.807
1,2) Hete | 48.275 7.684 7.733 8.193 19.918 13.710 14.146 5.561

(.5,2) Homo| 14.834 2.517 2.577 2.929 5.338 3.454 3.547 1.649
(.5,2) Hete| 21.411 4.818 4.346 4.607 10.046 5.748 6.026 2.469

(2,2) Homo| 143.042 19.360 19.923 21.784 50.469 44.969 45.026 16.562
(2,2) Hete | 161.537 23.477 23.225 24811 58.215 51.068 51.276 18.830

Ignoring Measurement Error

(c1,¢2) Error Full SCAD Hard Los AIC BIC RIC  Oracle

(1,1) Homo| 30.287 17.986 18.951 18.709 23.471 19.024 19.177 17.678
(1,1) Hete | 35.886 18.389 19.421 19.377 25.862 19.697 19.926 17.736

(.51) Homo| 11.415 5.038 5.435 5.383 7.704 5.328 5.350 4.841
(.51) Hete| 16.476 5.890 6.488 6.267 9.807 6.245 6.325 5.215

(2,1) Homo| 104.607 69.747 71926 71.266 86.555 72.440 72.877 68.755
(2,2) Hete | 109.518 68.572 70.725 70.430 87.481 71.914 72.201 66.599

(1,2) Homo| 57.374 41.940 42.690 42.757 48.899 43.640 43.865 42.201
1,2) Hete | 63.135 42.379 43.246 43.474 51.292 44710 45.167 42.562

(.52) Homo| 18.130 11.078 11.573 11.628 14.039 11.733 11.801 10.947
(.5,2) Hete| 23.262 12.114 12521 12.472 16.328 12.465 12.667 11.354

(2,2) Homo| 212.973 165.423 168.211 167.338 187.880 171.567 172.716.33%
(2,2) Hete | 214.813 162.558 165.597 164.413 187.594 168.685 168.603.99%

Values in table equal 100*MedSE



Table 2: Model Complexity for Example 1 (Incorporating Messment Error).

Under- Correctly  Overfitted(%) | No. of Zeros
(c1,¢0)  Error Method| fitted(%) fitted(%) 1 2 >3 C I
(1,1) Homo SCAD 2.4 69.1 226 57 0.27.622 0.024
Hard 2.2 54.4 35.6 7.1 0.7 7.445 0.022
Los 2.7 85.4 109 09 0.1 7.842 0.030
AIC 0 5.3 18.8 29.0 46.95543 0
BIC 0.1 26.0 36.5 24.8 12.66.701 0.001
RIC 0.1 23.8 36.1 25.9 14.16.631 0.001
(1,1) Hete SCAD 2.9 64.7 265 4.8 1.1 7.564 0.029
Hard 2.8 60.6 29.7 6.1 0.87.511 0.028
Los 2.7 82.1 14.1 0.8 0.3 7.803 0.027
AIC 0.3 9.8 22.2 28.0 39.75.808 0.003
BIC 0.9 37.1 375 18.0 6.5 7.033 0.009
RIC 0.8 34.4 38.0 19.6 7.26.973 0.008
(.5,1) Homo SCAD 7.1 56.3 276 81 0.97.428 0.071
Hard 7.3 25.0 416 20.7 5.46.853 0.073
Los 6.8 80.7 106 1.7 0.2 7.780 0.068
AIC 2.6 14.5 29.5 28.7 24.6.226 0.026
BIC 5.0 57.9 275 8.2 147451 0.050
RIC 5.0 54.0 29.7 9.5 1.8 7.387 0.050
(.5,1) Hete SCAD | 10.6 41.9 348 11.1 1.67.204 0.106
Hard 10.7 34.9 34.0 16.2 4.26.994 0.107
Lo 11.3 73.1 142 14 0] 7.693 0.119
AlIC 7.3 14.9 34.0 245 19.36.337 0.073
BIC 9.1 62.3 23.3 51 0.27521 0.091
RIC 9.2 59.1 254 6.0 0.3 7.468 0.092
(2,1) Homo SCAD 0.8 71.8 23.2 3.8 0.4 7.667 0.008
Hard 0.7 74.4 220 2.7 0.27.711 0.007
Los 0.9 78.9 183 1.8 0.1 7.763 0.009
AlIC 0 1.6 94 216 6744763 O
BIC 0 8.0 20.4 26.0 45.65.361 O
RIC 0 7.4 19.3 26.1 47.25315 O
(2,2) Hete SCAD 0.9 74.6 205 3.6 0.4 7.696 0.009
Hard 0.5 78.7 17.2 3.3 0.3 7.747 0.005
Los 1.2 80.5 158 2.3 0.27.779 0.012
AIC 0.1 2.3 13.9 255 58.25.065 0.001
BIC 0.1 12.9 275 25.2 34.35.891 0.001
RIC 0.1 11.8 26.3 25.7 36.15.829 0.001




Table 2: Model Complexity for Example 1 (Continued)

Under- Correctly  Overfitted(%) | No. of Zeros
(c1,¢0)  Error Method| fitted(%) fitted(%) 1 2 >3 C I
(1,2) Homo SCAD 9.8 57.8 26.6 4.7 1.1 7514 0.143
Hard 7.3 68.4 20.7 3.1 0.57.622 0.075
Los 6.3 84.0 8.8 0.7 0.27.821 0.063
AlIC 20.4 3.3 14.7 26.6 35.04.781 0.205
BIC 20.6 13.2 27.6 22.1 16.55.560 0.207
RIC 20.5 12.3 27.4 222 17.65.521 0.206
(1,2) Hete SCAD 104 57.1 249 7.0 0.6 7.475 0.132
Hard 9.0 66.6 20.1 3.8 0.5 7.600 0.095
Los 8.2 82.4 86 0.8 0|7.804 0.082
AIC 23.2 5.6 16.4 225 32.35.044 0.233
BIC 24.2 19.8 28.1 19.3 8.66.095 0.245
RIC 24.1 17.9 27.7 19.6 10./6.006 0.244
(.5,2) Homo SCAD 15.0 46.9 28.1 9.0 1.07.338 0.207
Hard 12.8 394 331 11.2 3.57.138 0.129
Los 11.8 81.1 6.2 09 0]7.797 0.119
AIC 22.4 8.3 22.8 24.0 22.55.751 0.230
BIC 25.1 31.9 288 11.8 2.46.925 0.264
RIC 24.9 29.9 28.6 13.7 296.850 0.261
(.5,2) Hete SCAD | 19.7 38.8 285 111 197.181 0.262
Hard 16.2 36.1 30.8 124 457.018 0.169
Los 15.8 73.8 90 1.2 0.27.712 0.162
AlIC 294 9.0 23.3 225 15.85.998 0.317
BIC 32.1 35.7 252 6.4 0.67.186 0.351
RIC 32.1 32.6 269 7.6 0.87.119 0.351
(2,2) Homo SCAD 8.3 62.2 23.6 52 0.77565 0.118
Hard 55 76.7 153 2.4 0.1 7.740 0.057
Lo 5.1 75.1 184 1.4 0| 7.717 0.051
AlIC 20.8 2.3 9.7 21.3 45.94.192 0.208
BIC 20.9 4.7 17.5 21.4 35.54.497 0.209
RIC 20.9 4.6 17.2 215 35.84.493 0.209
(2,2) Hete SCAD 8.0 64.9 21.8 4.8 0.5 7599 0.113
Hard 5.3 78.5 13.8 1.8 0.9 7.752 0.057
Los 5.8 75.3 170 16 0.3 7.714 0.058
AlIC 23.1 3.0 10.8 22.1 41.04.256 0.231
BIC 23.2 8.3 19.4 21.6 27.54.705 0.232
RIC 23.2 7.5 189 22.0 28.44.673 0.232




Table 3: Model Complexity for Example 1 (Ignoring Measurerngrror).

Under- Correctly  Overfitted(%) | No. of Zeros
(c1,¢0)  Error Method| fitted(%) fitted(%) 1 2 >3 C I
(2,1) Homo SCAD 1.2 44.9 40.4 11.2 2.37.281 0.012
Hard 0.8 10.9 47.8 326 7.9 6.608 0.008
Los 0.7 56.7 31.0 9.7 1.9 7431 0.007
AIC 0 12.3 31.8 32.8 23.16.240 O
BIC 1.1 63.3 295 54 0.77.561 0.011
RIC 11 59.0 323 6.7 0.97.501 0.011
(1,1) Hete SCAD 1.9 46.3 38.6 11.0 2.27.291 0.019
Hard 1.6 18.1 50.9 254 4.06.815 0.016
Los 0.8 57.6 31.8 8.1 1.7 7.453 0.008
AIC 0.1 14.2 32.6 29.4 23.J6.264 0.001
BIC 14 66.2 269 51 04759 0.014
RIC 1.2 62.9 28.8 6.5 0.6 7.544 0.012
(.5,1) Homo SCAD 5.7 45.6 37.8 9.7 1.27.306 0.057
Hard 54 8.9 33.8 37.1 14.86.324 0.054
Lo 5.1 67.9 226 4.0 0.4 7.617 0.051
AIC 2.9 19.6 32.0 28.4 17.16.465 0.029
BIC 6.0 72.9 178 3.1 0.2 7.682 0.060
RIC 5.8 70.4 19.7 3.7 0.4 7.648 0.058
(.5,1) Hete SCAD 9.8 39.9 374 10.7 2.27.172 0.098
Hard 10.2 15.9 419 26.1 5.96.646 0.102
Los 9.8 63.5 21.8 44 0.5 7.538 0.098
AlIC 8.5 19.0 35.4 23.8 13.36.533 0.085
BIC 9.0 71.0 17.7 23 0| 7.659 0.090
RIC 9.1 67.9 200 3.0 0]7.613 0.091
(2,1) Homo SCAD 0.3 36.3 444 154 3.6 7.131 0.003
Hard 0.2 19.6 55.7 21.8 2.76.920 0.002
Los 0.3 43.1 39.6 135 3.57.219 0.006
AlIC 0 8.0 28.7 35.0 28.36.052 O
BIC 0.2 52.5 376 85 1.27.414 0.002
RIC 0.2 49.8 38.0 10.6 1.4 7.362 0.002
(2,2) Hete SCAD 0.1 38.5 435 141 3.87.166 0.001
Hard 0 23.1 53.7 19.7 356.963 O
Los 0.2 45.2 35.9 14.7 4.0 7.225 0.005
AIC 0 8.5 31.6 321 27.86.116 O
BIC 0 53.7 36.3 84 167421 O
RIC 0 50.6 376 94 247364 O




Table 3: Model Complexity for Example 1 (Continued)

Under- Correctly  Overfitted(%) | No. of Zeros
(c1,¢0)  Error Method| fitted(%) fitted(%) 1 2 >3 C I
(1,2) Homo SCAD 2.6 24.7 52.9 16.2 3.6 6.983 0.026
Hard 2.2 5.4 51.6 34.4 6.46.537 0.022
Los 2.0 42.0 374 15.1 3.537.184 0.020
AlIC 0.4 6.7 26.5 35.9 30.55.977 0.004
BIC 2.1 48.6 394 85 1.47.359 0.021
RIC 2.0 43.9 42.0 10.5 1. 7.288 0.020
1,2) Hete SCAD 3.0 26.0 50.7 17.0 3.36.992 0.030
Hard 2.5 7.8 55.3 29.2 5.2 6.643 0.025
Los 2.5 44.2 39.0 115 2.87.254 0.028
AIC 0.5 8.3 29.9 31.2 30.16.045 0.005
BIC 2.7 52.9 355 7.9 1.07.414 0.027
RIC 2.8 49.0 36.8 9.8 1.6 7.340 0.028
(.5,2) Homo SCAD 6.8 28.3 48.0 146 2.37.041 0.068
Hard 6.5 4.5 34.0 39.5 1556.210 0.065
Los 6.3 58.6 269 6.7 1.5 7.469 0.063
AIC 3.8 12.4 314 305 21.96.242 0.038
BIC 6.7 63.7 248 4.1 0.7 7562 0.067
RIC 6.8 59.2 275 56 0.9 7.496 0.068
(.5,2) Hete SCAD | 10.5 26.1 451 148 3.56.940 0.105
Hard 10.5 10.9 41.8 28.9 7.96.497 0.105
Los 10.4 56.8 25.8 6.2 0.87.440 0.104
AlIC 9.6 13.6 33.9 28.6 14.36.376 0.096
BIC 10.7 65.1 20.8 34 7.579 0.107
RIC 10.6 62.3 224 45 0.27.533 0.106
(2,2) Homo SCAD 0.6 20.4 52.8 20.1 6.16.869 0.006
Hard 0.4 12.9 58.1 24.6 4.0 6.796 0.004
Los 0.6 27.3 43.4 222 6.56.911 0.012
AIC 0 4.4 242 37.4 34.05.851 0
BIC 0.5 39.0 43.6 15.1 1.87.199 0.005
RIC 0.5 36.3 435 17.1 2.6 7.136 0.005
(2,2) Hete SCAD 1.0 20.0 55.1 18.3 5.6 6.887 0.010
Hard 0.7 12.8 59.7 22.8 4.0 6.809 0.007
Los 0.5 29.9 41.8 21.1 6.716.940 0.008
AlIC 0 3.3 253 37.1 34.35841 O
BIC 0.7 39.6 449 12.7 2.17.221 0.007
RIC 0.5 35.7 46.8 14.3 2.7 7.157 0.005




Table 4: MedSEs for Example 2

o T T Full SCAD Hard Lo s AlIC BIC RIC Oracle

1 .1 LS| 9.1360 1.4144 1.3989 1.9219 6.1702 3.6743 3.8031 1.3557
A1 .1 10| 3.6928 0.4495 0.4643 0.5144 0.4690 0.4675 0.4675 0.4123
1 .1 .25 3.5604 0.4413 0.4668 0.5082 0.4759 0.4702 0.4702 0.4198
1 .1 .50/ 3.6038 0.4485 0.4523 0.5132 0.4743 0.4702 0.4702 0.4244
A .1 .75 3.5173 0.4508 0.4685 0.5270 0.4930 0.4918 0.4918 0.4190
1 .1 90| 3.5477 0.4685 0.4817 0.5455 05140 0.5066 0.5066 0.4360
1 .05 LS| 5.2505 0.7579 0.7696 1.0262 35733 1.8216 1.9568 0.7479
1 .05 .10f 2.9625 0.3609 0.3669 0.3934 0.3839 0.3654 0.3654 0.3098
1 .05 .25/ 2.8904 0.3500 0.3615 0.3871 0.3872 0.3755 0.3755 0.3046
.1 .05 .50 2.7860 0.3537 0.3525 0.3954 0.3777 0.3682 0.3682 0.3084
1 .05 .75 2.7805 0.3515 0.3551 0.4055 0.3876 0.3658 0.3658 0.3072
1 .05 .90 2.9248 0.3593 0.3640 0.4160 0.4038 0.3942 0.3942 0.3197
2 .1 LS|52.0506 72.4912 127.1681 13.9245 24.0957 18.9553 19.1160860

2 .1 .10] 9.8230 1.7160 1.9919 1.9998 2.1483 2.4303 2.3086 1.7300
2 .1 25| 9.5495 1.6977 1.9183 1.9743 2.1899 2.4234 2.2989 1.7625
2 .1 50| 9.5487 1.7500 2.0045 2.0589 2.2897 25340 2.4321 1.7535
2 .1 75| 9.6995 1.7806 1.9767 2.0562 2.2263 2.4990 2.4066 1.8252
2 .1 .90/ 9.8581 1.8075 1.9991 2.0678 2.1863 2.4859 2.4025 1.8757
2 .05 LS| 26.1258 16.3923 6.6318 7.4031 15.6449 11.9190 12.2234 84.76
2 .05 .10| 7.1712 1.0638 1.1981 1.2334 1.2848 1.2942 1.2942 1.0974
2 .05 .25/ 6.9312 1.0568 1.1707 1.2592 1.2891 1.2905 1.2905 1.1057
.2 .05 .50/ 6.7713 1.0910 1.2136 1.2808 1.3142 1.3094 1.3094 1.1157
2 .05 .75/ 7.1882 1.1091 1.3154 1.3082 1.3569 1.3569 1.3552 1.1480
2 .05 .90/ 7.1637 1.1574 1.2728 1.3477 1.4036 1.4085 1.4036 1.1573

Values in table equal 100*MedSE



Table 5: Model Complexity for Example 2.

Under- Correctly  Overfitted(%) | No. of Zeros
(o, ) Method | fitted(%) fitted(%) 1 2 >3| C I
(.1,.1) LS SCAD 0 89.2 102 06 0[7.886 O
Hard 0.1 89.6 10.1 0.2 0] 7.893 0.001
Los 0.1 89.8 89 12 0|7.886 0.001
AIC 0 6.2 16.3 224 55.15070 O
BIC 0 33.6 30.3 142 21.96.365 O
RIC 0 30.9 30.8 149 23.46.289 O
(.1,,1) 7=.1 SCAD 0 43.2 21.1 14.0 21.Y6.747 0
Hard 0 41.9 19.3 9.3 29.56.020 O
Lo s 0 55.1 150 81 21.86.765 O
AIC 10.3 89.0 07 O 0|7.993 0.309
BIC 10.3 89.7 0 0 0 | 8.000 0.309
RIC 10.3 89.7 0 0 0 | 8.000 0.309
(.1,.1) 7=.25 SCAD 0 44.5 204 153 19.86.774 0
Hard 0 40.1 21.8 85 29.65936 O
Los 0 58.0 126 84 21.06.803 O
AIC 11.0 88.4 06 O 07.994 0.330
BIC 11.0 89.0 0 0 0 | 8.000 0.330
RIC 11.0 89.0 0 0 0 | 8.000 0.330
(.1,1) 7=.5 SCAD 0 42.9 21.3 148 21.06.736 O
Hard 0 43.4 184 11.0 27.26.170 0
Los 0 58.2 11.7 95 20.66.793 O
AIC 11.3 88.0 07 O 07.993 0.339
BIC 11.3 88.5 02 O 0|7.998 0.339
RIC 11.3 88.5 02 O 0|7.998 0.339
(.1,1) ==.75 SCAD 0 44.1 19.2 185 18.26.784 O
Hard 0 43.2 20.7 86 2756.116 O
Los 0 58.7 135 7.3 2056.840 O
AIC 11.9 87.4 07 O 0|7.993 0.357
BIC 11.9 87.8 03 O 0|7.997 0.357
RIC 11.9 87.8 03 O 0|7.997 0.357
(1,1) 7=.9 SCAD 0 481 176 169 17.46.865 O
Hard 0 42.9 18.6 10.6 27.96.006 O
Los 0 59.5 11.7 76 21.26.775 O
AIC 13.5 85.8 07 O 0|7.993 0.405
BIC 13.5 86.4 01 O 0|7.999 0.405
RIC 13.5 86.4 01 O 0|7.999 0.405




Table 5: Model Complexity for Example 2 (Continued).

Under- Correctly  Overfitted(%) | No. of Zeros

(o, ) Method | fitted(%) fitted(%) 1 2 >3| C I
(.1,.05) LS SCAD 0 92.3 73 03 017918 0
Hard 0 86.3 123 13 017848 O

Los 0 89.2 98 0.7 037879 0

AlIC 0 7.6 16.5 26.0 49.95286 O

BIC 0 42.0 29.1 133 15.66.716 O

RIC 0 39.1 30.0 14.0 16.96.643 O

(.1,,05) 7=.1 SCAD 0 39.9 19.4 187 22.06.657 O
Hard 0 38.8 214 104 29.45953 O

Los 0 54.7 143 79 2316678 O
AIC 12.0 85.3 27 0 0|7.973 0.360
BIC 12.0 87.8 02 O 0|7.998 0.360
RIC 12.0 87.8 02 O 0|7.998 0.360

(.1,.05) 7=.25 SCAD 0 37.6 21.2 179 23.36.601 O
Hard 0 40.3 219 85 29.36.008 O

Los 0 53.6 148 86 23.06.667 O
AIC 12.3 84.9 28 0 0|7.972 0.369
BIC 12.3 87.6 01 O 0|7.999 0.369
RIC 12.3 87.6 01 O 0|7.999 0.369

(.1,05) 7=.5 SCAD 0 39.1 224 16.8 21.Y6.687 O
Hard 0 39.4 20.3 8.0 3235835 O

Los 0 53.6 140 8.7 23.76.674 O
AlIC 11.4 85.7 28 01 0]7.970 0.342
BIC 11.4 88.6 0 0 0 | 8.000 0.342
RIC 11.4 88.6 0 0 0 | 8.000 0.342

(.1,.05) 7=.75 SCAD 0 40.1 22.3 179 19.Y6.734 O
Hard 0 40.9 199 81 3115930 O

Los 0 53.8 135 9.8 2296656 O
AlIC 12.0 84.9 28 03 0]7.966 0.360
BIC 12.0 87.9 01 O 07.999 0.360
RIC 12.0 87.9 01 O 0|7.999 0.360

(.1,05) 7=.9 SCAD 0 39.9 219 18.0 20.26.724 O
Hard 0 41.4 19.2 9.7 29.Y5975 O

Los 0 53.7 142 9.0 2316625 O
AlIC 13.6 83.4 26 04 0]7.966 0.408
BIC 13.6 86.4 0 0 0 | 8.000 0.408
RIC 13.6 86.4 0 0 0 | 8.000 0.408




Table 5: Model Complexity for Example 2 (Continued).

Under- Correctly  Overfitted(%) | No. of Zeros
(o, ) Method | fitted(%) fitted(%) 1 2 >3| C I
(.2,.1) LS SCAD 25.1 62.9 10.7 1.1 0.27.744 0.359
Hard 75.0 24.6 04 O 0|7.923 0.978
Los 5.6 88.3 59 02 0|7.880 0.056
AIC 12.2 6.9 20.9 239 36.15.152 0.122
BIC 13.1 27.2 25.8 148 19.15.818 0.131
RIC 13.1 25.2 26.3 154 20.05.777 0.131
(2,,1) 7=.1 SCAD 0.2 63.9 19.5 8.4 8.0 7.342 0.002
Hard 0.1 43.9 20.0 9.2 26.86.184 0.001
Los 0 75.8 98 40 1047367 O
AIC 17.7 82.2 01 O 0|7.997 0.527
BIC 26.7 73.3 0 0 0|7.998 0.749
RIC 23.7 76.3 0 0 0|7.998 0.673
(.2,.1) 7=.25 SCAD 0.2 61.2 214 79 9.37.285 0.002
Hard 0.1 43.5 21.2 10.1 25.16.262 0.001
Los 0 76.3 89 38 1107346 O
AIC 17.7 81.8 05 O 0|7.994 0.529
BIC 26.8 73.2 0 0 0| 7.997 0.750
RIC 24.0 76.0 0 0 0|7.995 0.676
(.2,,1) 7=.5 SCAD 0.2 64.0 19.2 7.3 9.3 7.324 0.002
Hard 0.1 46.8 19.7 9.0 24.46.300 0.001
Los 0 75.2 92 47 1097322 O
AIC 19.8 79.4 08 O 0|7.989 0.588
BIC 28.3 71.6 01 O 0]7.991 0.791
RIC 26.1 73.8 01 O 0]7.990 0.731
(.2,.1) =.75 SCAD 0.2 61.8 220 7.6 84 7.330 0.002
Hard 0.1 44.5 189 10.6 25.96.195 0.001
Los 0 73.3 91 55 1217242 O
AIC 19.8 79.9 03 O 0|7.994 0.588
BIC 28.0 72.0 0 0 0|7.994 0.783
RIC 25.6 74.4 0 0 0|7.995 0.714
(.2,,1) 7=.9 SCAD 0.2 62.2 216 7.6 84 7.325 0.002
Hard 0.1 48.5 169 9.3 25.26.244 0.001
Los 0 75.9 84 42 1157326 O
AIC 17.2 82.4 04 O 07994 0.512
BIC 25.9 74.1 0 0 0| 7.997 0.720
RIC 24.0 76.0 0 0 0| 7.997 0.667




Table 5: Model Complexity for Example 2 (Continued).

Under- Correctly  Overfitted(%) | No. of Zeros
(o, ) Method | fitted(%) fitted(%) 1 2 >3| C I
(.2,.05) LS SCAD 5.0 81.8 122 1.0 0| 7.817 0.056
Hard 16.9 81.1 20 O 0|7.923 0.172
Los 1.1 92.5 6.2 02 0|7.921 0.011
AIC 0.1 4.7 14.8 22.0 58.44.956 0.001
BIC 0.5 23.3 26.4 16.0 33.85.638 0.005
RIC 0.5 20.9 26.7 16.9 35.05.587 0.005
(.2,,05) 7=.1 SCAD 0 59.8 19.7 10.2 10.37.249 O
Hard 0 46.9 195 93 2436309 O
Los 0 70.5 78 6.1 1567081 O
AIC 19.1 80.8 01 O 0|7.998 0.571
BIC 19.7 80.3 0 0 0|7.996 0.582
RIC 19.6 80.4 0 0 0|7.996 0.579
(.2,.05) 7=.25 SCAD 0 58.5 19.7 98 12.07.189 O
Hard 0 48.8 179 95 2386.288 O
Los 0 70.3 87 50 16.07.079 O
AIC 18.5 81.2 03 O 0|7.996 0.553
BIC 19.1 80.8 01 O 0| 7.997 0.564
RIC 18.9 81.0 01 O 0|7.997 0.558
(.2,,05) 7=.5 SCAD 0 58.8 18.8 11.6 10.87.200 O
Hard 0 45.5 19.2 9.1 26.26.175 O
Los 0 69.1 92 65 1527.067 O
AlIC 18.3 81l.1 06 O 0|7.994 0.549
BIC 19.1 80.7 02 O 0|7.994 0.563
RIC 19.1 80.7 02 O 0|7.993 0.563
(.2,.05) 7=.75 SCAD 0 58.5 18.0 10.6 12.97.147 O
Hard 0 42.7 19.2 89 29.26.057 O
Los 0 70.0 94 43 16.37.068 O
AlIC 17.5 82.0 05 O 0|7.995 0.525
BIC 18.0 81.8 02 O 0|7.998 0.535
RIC 17.9 81.9 02 O 0|7.998 0.534
(.2,,05) 7=.9 SCAD 0 59.8 191 99 1127221 O
Hard 0 46.2 199 10.0 23.96.286 O
Los 0 70.2 91 45 16.27.077 O
AlIC 18.9 80.5 06 O 0|7.993 0.565
BIC 19.7 80.1 02 O 07994 0.577
RIC 19.5 80.3 02 O 0|7.994 0.575




Table 6: NHS study: Estimated coefficients and standardsfay the full model, the
models selected by penalized least squares method andlguagtession method using
the SCAD procedure.

Variable Full Model SCAD SCAD SCAD SCAD SCAD SCAD
LS 7=01 7=025 7=05 7=07 7=09
xp | -0.0200(0.0162) -0.0231(0.0175) 0.0217 0.0181 0.0207 1920 0.0219
o | 0.2694(0.0248) 0.2659(0.0257) 0.2741 0.2685 0.2599 6.250.2523
x3 | -0.0551(0.0232) -0.0483(0.0244) -0.0184 -0.0190 -0.0220.0232 -0.0244
x4 | 0.0420(0.0284) 0.0016(0.0212) -0.0137 -0.0161 -0.0086.01&B -0.0110

22 | -0.0264(0.0170)  0(0.0000) 0 0 0 0 0
225 | 0.0060(0.0227)  0(0.0000) 0 0 0 0 0
2oz | 0.0298(0.0285)  0(0.0000) 0 0 0 0 0
22 [ -0.0203(0.0134)  0(0.0000) 0 0 0 0 0
73z | 0.0297(0.0324)  0(0.0000) 0 0 0 0 0
22 | -0.0216(0.0103)  0(0.0000) 0 0 0 0 0
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Figure 1:Estimated curve af(-) with a consideration of measurement error for the NHS
data. The dots are the partial residuats = y; — WZTB with B obtained under the full

model. The solid curve is the estimatgd).



