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Abstract

This paper considers the utility of a new class of stochastic branching processes with non-

homogeneous immigration in modeling complex renewing cell systems. Such systems typically

include the population of stem cells that provides an inexhaustible supply of cells necessary

for maintaining the cellular composition of a tissue. A stem cell may be induced to transform

(differentiate) into a progenitor cell. Progenitor cells retain the ability to proliferate and

their function is believed to provide a quick proliferative response to an increased demand

for cells in the population. There may be several sub-types of progenitor cells. Terminally

differentiated cells do not divide under normal conditions; they are responsible for maintaining

tissue-specific functions. Recent advancements in experimental techniques offer considerable

scope for quantitative studies of in vivo cell kinetics based on stochastic modeling of renewing

cell populations. However, no ready-made theory is currently available to take full advantage

of these adavancements. This paper introduces such a theory with a special focus on its

feasibility in biological applications.
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1. Introduction

The present paper deals with a design of biological experiments that have never been con-

ducted. This situation is quite common in physics but much less so in mathematical biology.

This is the reason why we are currently unable to illustrate the proposed methodology with

a specific application to experimental data analysis. The need for such experiments will be-

come clear once biological investigators have realized the power of mathematical methods in

studies of complex multi-type cell systems. This is especially true for studies of cell prolif-

eration and differentiation in vivo where methods of mathematical modeling and statistical

analysis do not keep abreast with the development of experimental techniques. What is now

required is to demonstrate that the most basic problems of biological interest in cell kinetics

are mathematically approachable.

Recent decades have seen impressive advancements in experimental approaches to in vivo

cell kinetics. These advancements have made it possible to distinguish many cell types by

antibody labeling so that cells of different types can be counted in the dissociated tissue

by using flow cytometry. In other words, it is now possible to make snapshots of multi-

type cell populations as they develop in time. The ability to distinguish and count millions

of cells opens up a new research area to the biomathematician. The main focus in this area

should be on extracting the necessary information on unobservable but biologically meaningful

parameters of population dynamics from observable cell counts. It is easy to envision numerous

experimental settings where model-based quantitative inference is very much in need.

To illustrate the latter statement, consider a hypothetical renewing cell population con-

sisting of three types of cells and depicted in Figure 1. The first compartment is represented

by stem cells. Such cells are poorly defined and found at relatively low frequency, thus mak-

ing their experimental analysis difficult. It is fair to say that stem cells are not accessible to

direct observation as far as their kinetics and cell cycle structure are concerned. Even their

total counts at a particular anatomical site are not available for quantitative analysis. The

immediate downstream progeny of stem cells, the progenitor cells, can typically be identified

with cell surface markers. The same is true for terminally differentiated cells comprising the

third compartment of the three-type cell population presented in Figure 1. The main function

of stem cells is to provide an inexhaustible supply of cells in order to maintain the cellular

composition of a tissue. A stem cell (SC) remains in a “resting” state until being induced

to divide or transform (differentiate) into a progenitor cell (PC). The latter cell type is par-

tially committed to further differentiation into another cell type but it retains the ability to

proliferate. The main function of progenitor cells is believed to provide a quick proliferative re-

sponse to an increased demand for cells in the population. Terminally differentiated (mature)

cells typically represent a final cell type; they are responsible for maintaining tissue-specific
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functions and they do not divide under normal conditions. All cell types are susceptible, in

variable degrees, to death. Two specific biological examples of such cell systems are given in

the next section.

Leaving aside statistical aspects of the problem, the most important point here is that

modern experimental techniques yield counts of PCs and mature cells as functions of time.

These counts per se provide little information on the underlying biological processes. The

transition rates, denoted by r1, r2, r3, r4 in Figure 1, represent far more informative charac-

teristics. Especially interesting is the rate r1 that contains information about the functioning

of the population of stem cells. Reconstructing the influx of PCs furnishes the possibility to

study the behavior of unobservable stem cells by the indirect route. Also, it would be desirable

to learn more about PCs in terms of probabilistic characteristics of the duration and possible

outcomes of their mitotic cycle. All this potentially useful information is unaccessible without

mathematical modeling. Up to date, there are no general modeling techniques that are ade-

quate for the complexity of cell kinetics in renewing tissues. The present paper considers the

utility of branching stochastic processes for building realistic models of in vivo cell kinetics,

provided the necessary experimental data are available. While the proposed models are much

more sophisticated than those traditionally used by practitioners, they meet the requirements

of feasibility and usefulness.

The theory of branching stochastic processes has proven itself a powerful tool for cell

kinetics studies. This theory has its origin in the pioneering works of Bienaymé [1] and Galton

and Watson [2] motivated by applications in genealogy. The term “branching processes”

was introduced by A. N. Kolmogorov in 1940-ies. It is noteworthy that the first asymptotic

result in the theory of branching processes was obtained by Kolmogorov in the context of a

specific biological problem [3]. Age-dependent branching processes were first considered by

Bellman and Harris [4, 5], also in relation to biological problems. The first branching process

with immigration (Markov process with homogeneous Poisson immigration) was studied by

Sevastyanov [6]. A comprehensive account of fundamental achievements in the theory of

branching processes is given in many excellent books by Harris [7], Sevastyanov [8], Mode [9],

Athreya and Ney [10], Jagers [11], Assmussen and Hering [12], Guttorp [13], and Kimmel and

Axelrod [14]. A special focus on biological applications is characteristic of the books by Jagers

[11], Yakovlev and Yanev [15], and Kimmel and Axelrod [14].

In the present paper, we introduce and investigate new models of multi-type age-dependent

branching processes with non-homogeneous in time immigration as pertinent models of renew-

ing cell populations. These processes represent building blocks for designing stochastic models

of cell systems of increasing complexity. They furnish a universal modeling technique for the

processes of cell proliferation and differentiation in various experimental settings. To the best

of our knowledge, the branching stochastic processes with non-homogeneous Poisson or re-

3



newal type immigration have never been studied in the theory of branching processes. Such

models are mathematically challenging and yet tractable. The relevant results are given in

Appendix 1. In addition, new characteristics of branching processes, such as the residual

life-time distribution and its limiting form, are introduced and investigated (see Appendix 2)

in relevance to labeling experiments. The original theoretical results presented in this paper

provide the basis on which parametric inferential procedures could be built.

The paper is organized as follows. We present two relevant biological examples in Section

2. Section 3 deals with models of the influx of PCs and their subsequent evolution within the

framework of branching stochastic processes with immigration. The main purpose of Section 3

is to demonstrate that the influx of PCs can be reconstructed from moments of the number of

PCs as functions of time. The models discussed in this section are general enough to provide a

realistic description of in vivo cell kinetics. However, it is unclear whether they are identifiable

when only cell counts are available for analysis. To surmount this difficulty, we consider a

similar modeling technique for labeling experiments which provide an additional source of

information on parameters of the mitotic cycle. This technique is presented in Section 4.

Section 5 discusses the potentialities of the proposed methodology in biological applications.

2. Examples of Renewing Cell Systems

2.1. Development of Oligodendrocytes

The precursor cell that gives rise directly to oligodendrocytes was first discovered by Raff,

Miller, and Noble in 1983 [16], when it was named as an oligodendrocyte/type-2 astrocyte

(O-2A) progenitor cell for the two cell types it could generate in vitro. As it remains uncertain

whether type-2 astrocytes are generated during normal development of the central nervous

system (CNS) in vivo [17], this cell is also referred to as an oligodendrocyte precursor cell

(OPC), and will be referred to herein as an O-2A/OPC. Such cells appear to be present in

all regions of the perinatal rat CNS (except possibly the olfactory bulb [18]), and cells with

similar properties also have been isolated from the human CNS [19]. O-2A/OPCs have proven

a remarkably useful population for studies on development of the CNS due to the ability of

these cells to grow readily in clonal culture and due to the ease with which oligodendrocytes

and progenitor cells can be distinguished from each other by visual inspection.

As an experimental system, the rat spinal cord is well suited for studying its normal and

pathological development in vivo by methods of mathematical modeling and simulation. The

whole spinal cord can be removed from embryos and dissociated into single cells so that the

total cell count is available. In the developing spinal cord, the O-2A/OPC appears to be itself
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generated from an earlier progenitor cell that also is restricted to the generation of glia. As

shown in Figure 2, immediately prior to the O-2A/OPC in development is a tripotential glial-

restricted precursor (GRP) cell that can be directly isolated from the developing spinal cord

[20]. This cell type appears in the spinal cord several days earlier than the first appearance of

O-2A/OPCs in this tissue [21]. The GRP cell type was discovered by Rao and Mayer-Proschel

in 1997 [22].

The above-described cell types can be identified by their antigenic phenotype. Oligodendro-

cytes express galactocerebroside (GalC), a myelin-specific glycolipid. GalC+ oligodendrocytes

are first found in the rat spinal cord at E20 (day 20th of embryonic life). O-2A/OPCs are la-

beled with the O4 monoclonal antibody but do not yet express GalC (O4+/GalC- phenotype).

There is also an earlier stage of O-2A/OPC development at which these cells are labeled with

the A2B5 monoclonal antibody, but are not yet O4+. GRP cells are labeled with the A2B5

antibody. Once O-2A/OPCs are generated, this labeling alone no longer allows unambiguous

identification of GRP cells. However, those cells that are A2B5+/O4+ can be defined as O-

2A/OPCs. Clonal analysis indicates that the A2B5+ cells isolated from the rat spinal cord at

E16 or earlier are all GRP cells. GRP cells first appear at E12.

The GRP cell is itself derived from a totipotent neuroepithelial stem cell (NSC), which can

give rise to all of the cell types of the CNS [22]. The NSC gives rise to glia by first giving rise to

GRP cells. Analogously, the NSC gives rise to neurons by first generating a neuron-restricted

precursor (NRP) cell that gives rise to multiple classes of neurons but not to glial cells [23].

There is ample experimental evidence supporting the hypothesis of asymmetric division of

multipotent stem cells that generate diverse cell types in the CNS [24, 25, 26, 27, 28, 29, 30].

Experimental studies on both vertebrate animals and invertebrates indicate a crucial role of

the membrane-associated protein NUMB in this process [30]. The outcome of the mitotic cycle

of asymmetrically dividing cells is exactly one cell of the same type with another daughter cell

undergoing differentiation into a different cell type. The asymmetric division is a mechanism

by which stem cells prevent their extinction. This is the reason why the asymmetric division

of stem cells is a key element of the model presented in Figure 2. In contrast, the GRP cells,

as well as O-2A/OPCs, are likely to divide symmetrically, i.e., their mitotic cycle results in

two cells of the same type. However, the presence of some asymmetric divisions in these

populations of cells cannot be ruled out.

The ability to study both normal and pathological development of the CNS in vivo is

hindered by the lack of analytical tools that are needed to extract the desired information on

unobservable parameters of cell kinetics. A stochastic model of the in vitro development of

oligodendrocytes has been developed and tested against experimental data in several publi-

cations [31, 32, 33, 34, 35, 36, 37, 38, 39]. These papers employ a multi-type Bellman-Harris

branching process to model proliferation of O-2A/OPCs and their transformation into termi-
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nally differentiated oligodendrocytes. The model was based on the following assumptions:

A1. The process starts with a single progenitor cell of type 1 at time 0. The time to division

or differentiation of this initiator cell is assumed to be a non-negative random variable (r.v.)

T1 with cumulative distribution function (c.d.f.) F (x) = P(T1 ≤ x) satisfying the condition:

F (0) = 0.

A2. After completion of its mitotic cycle, every progenitor cell of type l ≥ 1 either divides

producing two new progenitor cells of age 0 and type l+ 1 with probability pl, or transforms

into a differentiated cell of type l = 0 (oligodendrocyte) with probability 1 − pl. The proba-

bilities pl can be described by an arbitrary function of the mitotic cycle label l that satisfies

the natural constraints: 0 ≤ pl ≤ 1 for all l ≥ 1. In [32], these probabilities are specified as

pl = p+ qrl, where p, q and r are free parameters with p representing the limiting probability

of division of progenitor cells as the number of cycles tends to infinity.

A3. The times to division or differentiation of progenitor cells of types l ≥ 2 are identically dis-

tributed non-negative r.v.’s Tl with c.d.f. G(x) = P(Tl ≤ x) satisfying the condition: G(0) = 0.

This distribution is generally distinct from F (x).

A4. Among the two cell types, oligodendrocytes appear to be more susceptible to death. In

the culture conditions used in these studies, the death of oligodendrocytes normally begins on

day 7 after plating and the rate of death increases with time. Furthermore, as our indepen-

dent observations show, the proportion of cells (both progenitor cells and oligodendrocytes)

surviving by day 8 is no more than 80%. Differentiated oligodendrocytes neither divide nor

differentiate further, but they may die; their lifespan T0 has c.d.f. L(x) = P (T0 ≤ x).

A5. Whenever the counts of dead oligodendrocytes are utilized for estimation purposes, the

model needs to be extended further to include the following assumption: every dead oligo-

dendrocyte disappears (disintegrates) from the field of observation after a random lapse of

time T−1 distributed in accordance with c.d.f. H(x) = P(T−1 ≤ x). The time to the event of

disintegration is expected to be quite long, as there are no macrophages present in the culture

to clear away cell debris.

A6. The cells do not migrate out of the field of observation (confirmed by time-lapse video

records).

A7. The usual independence assumptions are adopted.

Assumption A3 was relaxed in [35] by allowing for non-identical distribution of the mitotic

cycle duration and the time to differentiation. The results of data analysis corroborate the

idea that the two r.v.’s are not identically distributed, which is why we have accommodated

this plausible assumption in the proposed general methodology as discussed in the subsequent

sections. One of the important byproducts of the previous work was that the popular clock

model of oligodendrocyte generation in vitro [40] was disproved by testing a more general

(hierarchical) model against experimental data [36, 38]. Several applications of this stochastic
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model in combination with new estimation techniques have provided a better quantitative

insight into the processes underlying the generation of oligodendrocytes in vitro. However,

the methodology is not directly applicable under in vivo conditions because the processes

of embryonic cell development in vivo involve immigration of stem cells to the GRP cell

compartment. Unlike the previous in vitro model, where the number of initiator cells at time

t = 0 was fixed, we now need to consider the influx of cells into the GRP cell population.

This influx is unobservable, but we have to reconstruct it in order to describe the dynamics of

progenitor cells (GRPs and O-2A/OPCs) and oligodendrocytes. Reconstructing the transition

between stem cells and GRP cells is also needed to determine whether or not the population

of stem cells is affected in the course of such developmental maladies as those caused by

iron deprivation and hypothyroidism. The development of cells within each compartment is

governed by the probabilities of cell division, differentiation, and death, as well as the mitotic

cycle parameters. Specific numerical values of these parameters remain unknown.

2.2. Kinetics of Leukemic Cells

Malignant stem cells have now been described for cancers of the blood, breast and brain. In

each case, the unifying feature of such cancers is a unique subpopulation of stem cells that are

responsible for tumor genesis and perpetuation [41, 42, 43]. Historically, drug development

for cancer has not considered the existence of tumor heterogeneity, particular with regard to

this minor subset of essential tumor-initiating stem cells. While it is well recognized that

stem cells lie at the origin of tumor growth and represent a critical target for therapeutic

intervention, the effects of existing treatment regimens on the population of tumor stem cells

are largely unknown. Thus, understanding how any given drug regimen modulates the growth,

differentiation, and survival of cancer stem cells is arguably the most important research avenue

in cancer chemotherapy.

The initiation and perpetuation of leukemia derives from the leukemic stem cell (LSC)

population. The propagation of leukemic disease is critically dependent on the immediate

downstream progeny of LSC, the leukemic progenitor (LP) population. Cells of this nature

can easily be screened using common in vitro colony assays and can also be identified with cell

surface markers using flow cytometry. The LP cells give rise to blast cells (LB) representing

a final cell type in the development of primitive leukemic cells. Blast cells do not differentiate

but they may die. The evolution of the initial LSC is shown in Figure 3. Since the asymmetric

mitosis seems to be a general mechanism by which stem cells maintain their population (see

Section 2.1), it is highly plausible that LSC divide asymmetrically. We proceeded from this

assumption when drawing the scheme shown in Figure 3.

Virtually nothing is known about quantitative characteristics of the transition process from
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LSC to LP and then to LB. Each transition step is determined by such unobservable charac-

teristics as the probabilities of cell division, differentiation, and death, as well as the mitotic

cycle parameters. All the important parameters of cell kinetics in leukemia, including the rate

of transition of stem cells to the LP compartment, have not been characterized. The situation

here is very similar to that in the example discussed in Section 2.1. The problem becomes

even more challenging when studying normal hematopoiesis because the corresponding model

structure involves many more distinct cell types.

3. A General Model

From a modeling standpoint, the most serious complication brought to the fore by the examples

of Section 2 is that the in vivo cell kinetics involve immigration of stem cells to the compartment

of progenitor cells, henceforth denoted by PCs. Therefore, we will explore a wide class of multi-

type age-dependent branching stochastic processes with immigration as a pertinent model of

the processes under consideration. Although some notable results are presented in [44], no

general theory is currently available for the multi-type decomposable branching processes so

that every particular case is of theoretical interest.

In what follows, the newly formed (as a result of stem cell differentiation) PCs will be

termed “immigrants” or “arrivals”. These arrivals do not include those resulting from either

symmetric or asymmetric mitotic divisions of the progenitor cells. Then we can define a

stochastic process µ(t) = {# arrivals bytime t}. Upon arrival, every PC enters the mitotic

cycle (MC) with probability p or undergoes differentiation (culminating in the transition to

the next population of PCs of a different type or of mature cells) with probability 1− p. This

mode of transition to the differentiation pathway is suggested by our studies of the kinetics of

O-2A/OPCs in vitro [35]. The outcomes of the MC include mitotic division into two daughter

cells of the same type as well as cell death or exit from the state of active proliferation. The

division probability is denoted by β. The MC duration has c.d.f. G, while the time to the

event of differentiation (transition) is distributed in accordance with c.d.f. L.

3.1. An Age-dependent Branching Process of Progenitor Cell Evolution
without Immigration

We begin by considering a fairly general model of a population of progenitor cells (PCs) without

immigration. This is the necessary step on the road to its extension allowing for immigration

processes. First, we have to describe the evolution of an individual PC from its birth to the

moment it leaves the population under consideration.
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3.1.1. The Evolution of PCs

Every PC with probability p has a random lifetime ξ with c.d.f. G(x) = Pr (ξ ≤ x) or with

probability 1 − p it differentiates into another cell type. In other words, the lifetime ξ is

identical to the MC duration. At the end of its life, every PC gives rise to ν offsprings (of the

same cell type) with discrete distribution pk = Pr (ν = k),
∑∞

k=0 pk = 1. It takes a random

time η with c.d.f. L(x) = Pr (η ≤ x) for the event of differentiation to actually occur. The

random variable (r.v.) ν will be characterized by the so-called offspring probability generating

function (p.g.f.) h(s) = Esν =
∑∞

k=0 pks
k , |s| ≤ 1. The most representative example is given

by h(s) = 1 − β + βs2, |s| ≤ 1, implying that a PC divides with probability β or dies with

probability 1 − β. In what follows, however, we will consider the p.g.f. h(s) of the general

form.

3.1.2. The Model

Let the stochastic processes Z(t) and Z(t, x) represent the total number of PCs and the

number of PCs of age ≤ x at time t ≥ 0, respectively. Let F (t; s) = E{sZ(t)|Z(0, 0) = 1}
be the p.g.f. of the number of cells Z(t) at time t produced by one cell of zero age and

let F (t, x; s) = E{sZ(t,x)|Z(0, 0) = 1} be the corresponding p.g.f. for the process Z(t, x).

Note that if x ≥ t then Z(t) = Z(t, x). It is also worth introducing a stochastic process

Zt(y) to represent the number of PCs at time t with the residual lifetime greater than y. The

latter process will be recalled in Section 3.5 as it plays a key role in the analysis of labeling

experiments.

By conditioning on the evolution of the first (initiator) cell and applying the law of the

total probability (LTP), one can derive the following integral equations for F (t; s) and F (t, x; s)

(see, e.g., [7] for relevant techniques):

F (t; s) = p

∫ t

0
h(F (t− u; s))dG(u)+ s{p[1− G(t)] + (1 − p)[1− L(t)]}+ (1 − p)L(t), (1)

F (t, x; s) = p

∫ t

0
h(F (t− u, x; s))dG(u)+ [sδ(x− t) + 1 − δ(x− t)]{p[1−G(t)]

+(1 − p)[1− L(t)]}+ (1 − p)L(t), (2)

with the initial conditions: F (0; s) = F (0, 0; s) = s, where δ(z) = 1 for z ≥ 0 and δ(z) = 0 for

z < 0.

From (1) and (2) one can readily derive equations for the corresponding expectations by

taking the partial derivative of F (t; s) and F (t, x; s) with respect to s at the point s = 1. Using

the notation: A(t) = E{Z(t)}, A(t, x) = E{Z(t, x)}, m = h′(1), we obtain from (1) and (2)
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A(t) = pm

∫ t

0

A(t− u)dG(u) + p[1− G(t)] + (1 − p)[1− L(t)], (3)

A(t, x) = pm

∫ t

0

A(t− u, x)dG(u) + δ(x− t){p[1−G(t)] + (1 − p)[1− L(t)]}, (4)

with the initial conditions: A(0) = 1 = A(0, 0).

Equation (3) is a renewal type equation which has the following solution [15]:

A(t) =
∞∑

k=0

(pm)k[W ∗G∗k](t),

where W (t) = p[1−G(t)]+ (1− p)[1−L(t)] and G∗k(t) is the k-fold convolution of G(t). Note

that G∗1(t) = G(t), G∗k(t) =
∫ t
0 G

∗(k−1)(t− x)dG(x), and [W ∗G∗k](t) =
∫ t
0 W (t− u)dG∗k(u).

The function H(t) =
∑∞

k=0G
∗k(t) is termed the renewal function. The above solution of

equation (3) assumes an explicit analytical form if G(t) is specified as a gamma distribution

which is the most common choice in cell kinetics studies [15]. The shape of this distribution

is quite flexible and has been supported by a vast body of experimental evidence [15].

Let α be a real root of the characteristic equation

pm

∫ ∞

0
e−αudG(u) = 1. (5)

Remark 1. If M = pm > 1 there exists a unique α which is known to be positive (supercritical

case). If M = 1 then α = 0 (critical case). If M < 1 then it is possible that the equation (5)

has no solution, but if it exists it has to be negative (subcritical case).

Suppose that equation (5) has a unique solution α. The parameter α is a critical parameter

(known also as the Malthusian parameter) that determines the asymptotic behavior of the

process Z(t). Now we need the notation:

Aα(t) = A(t)e−αt, Aα(t, x) = A(t, x)e−αt,

Gα,p(t) = pm
∫ t
0 e

−αudG(u),

Wα,p(t) = e−αt{p[1− G(t)] + (1− p)[1− L(t)]} and

Wα,p,x(t) = e−αtδ(x− t){p[1− G(t)] + (1 − p)[1− L(t)]}.
One can see that (3) and (4) are equivalent to the following renewal-type equations

Aα(t) =
∫ t

0
Aα(t− u)dGα,p(u) +Wα,p(t), (6)

Aα(t, x) =
∫ t

0
Aα(t − u, x)dGα,p(u) +Wα,p,x(t). (7)

These equations have unique solutions which are bounded on every finite interval. The

solutions are given by
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Aα(t) =
∫ t

0
Wα,p(t− u)dHα,p(u) =

∞∑

k=0

(Wα,p ∗G∗k
α,p)(t), (8)

Aα(t, x) =
∫ t

0
Wα,p,x(t− u)dHα,p(u) =

∞∑

k=0

(Wα,p,x ∗G∗k
α,p)(t), (9)

where Hα,p(t) =
∑∞

k=0G
∗k
α,p(t) is the renewal function and G∗k

α,p(t) is the k-fold convolution of

Gα,p(t).

Remark 2. In the most practically important case of binary splitting, the offspring p.g.f. is of

the form: h(s) = 1−β+βs2, so that m = 2β has to be substituted for m in the characteristic

equation (5).

3.2. A Renewal-type Non-homogeneous Immigration

Let Y (t) be the number of PCs at time t with the same evolution as that assumed for the

process Z(t) (Section 3.1.1) but in the presence of immigration of new cells as described

below. In like manner, we introduce the process Y (t, x) to represent the number of PCs of

age ≤ x at time t in the presence of immigration. Note that if x ≥ t then Y (t) = Y (t, x). Let

Ψ(t; s) = E{sY (t)} and Ψ(t, x; s) = E{sY (t,x)} be the p.g.f.’s of the processes Y (t) and Y (t, x),

respectively. The process Y t(y) represents the number of PCs with the residual lifetime greater

than y at time t (see Appendix 2).

The time periods {Ti} between the successive events of immigration (inter-arrival times)

are independent and identically distributed (i.i.d.) r.v.’s with c.d.f. G0(x) = Pr (Ti ≤ x).

At any given moment of immigration t > 0, the number of arrivals (immigrants) denoted by

ν(t) is random with distribution qk(t) = Pr {ν(t) = k},
∑∞

k=0 qk(t) = 1. In other words, the

moments of immigration form a renewal process of the form:

µ(t) = max {n :
n∑

i=1

Ti ≤ t}

but the corresponding counting process, I(t), for the number of renewal events in the interval

(0, t], is non-homogeneous in time. If G0(x) = 1 − e−rx, the process µ(t) reduces to a Poisson

process with cumulative rate R(t) = rt.

Denote the p.g.f. of the number of immigrants at time t by g(t; s) =
∑∞

k=0 qk(t)sk and

let γ(t) = ∂g(t;s)
∂s |s=1 be the mean number of immigrants at time t. The the following integral

equations hold

Φ(t; s) =
∫ t

0
Φ(t− u; s)g(t− u;F (t− u; s))dG0(u) + 1 −G0(t), (10)
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Φ(t, x; s) =
∫ t

0

Φ(t− u, x; s)g(t− u;F (t− u, x; s))dG0(u) + 1 −G0(t), (11)

with the initial conditions: Φ(0; s) = Φ(0, x; s) = 1, where F (t; s) and F (t, x; s) are defined by

(1) and (2). Much like equations (1) and (2), these equations are derived by conditioning on

the evolution of the first immigrant cell and applying the LTP.

From equations (10) and (11), we obtain equations for the corresponding expectations

N(t) = E{Y (t)} = ∂Φ(t; 1)/∂s,N(t, x) = E{Y (t, x)} = ∂Φ(t, x; 1)/∂s,

N(t) =
∫ t

0

N(t− u)dG0(u) +
∫ t

0

A(t− u)γ(t− u)dG0(u), (12)

N(t, x) =
∫ t

0
N(t− u, x)dG0(u) +

∫ t

0
A(t− u, x)γ(t− u)dG0(u), (13)

with the initial conditions: N(0) = N(0, x) = 0.

Whenever A(t) is defined by (3) and the function V (t) =
∫ t
0 A(t − u)γ(t − u)dG0(u) is

bounded, equation (12) has an unique solution which is bounded on any finite interval. This

solution has the form:

N(t) =
∫ t

0
V (t− u)dH(u) =

∞∑

k=0

(V ∗G∗k
0 )(t), (14)

where H(t) =
∑∞

k=0G
∗k
0 (t) is the corresponding renewal function.

Similarly, recalling the definition of A(t; x) given by (4) and assuming that the function

Vx(t) =
∫ t
0 A(t − u, x)γ(t− u)dG0(u) is bounded, we state that equation (13) has a unique

solution N(t, x) which is bounded on any finite interval. The solution is given by

N(t, x) =
∫ t

0
Vx(t− u)dH(u) =

∞∑

k=0

(Vx ∗G∗k
0 )(t). (15)

The above results can be extended to include the case where the p.g.f. h(s) depends on

the age of a cell (Sevastyanov’s process), but such a generalization is of no particular value

in biological applications because it is very difficult to specify this type of dependence on

mechanistic grounds.

3.3. A Generalized Non-homogeneous Poisson Immigration

As discussed in Section 2.1, there is strong experimental evidence supporting the hypothesis

of asymmetric division of stem cells in the CNS. It is also plausible that, at least under normal

conditions, stem cells divide asymmetrically in all other renewing tissues. If we hypothesize

in addition that the dynamics of the population of stem cells follows the model of Smith
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and Martin [45], then the immigration process for the PC compartment is expected to be

Poisson with time-dependent intensity r(t). Indeed, the asymmetric mitosis of stem cells

ensures ordinariness of the immigration process while the Smith and Martin model postulates

a Markovian transition of resting stem cells to the state of active proliferation.

There is another sound reason for treating the immigration process as Poisson. We can

consider the immigration of PCs as a superposition of many independent sparse point processes

because many rare events of stem cell differentiation contribute to the influx of PCs at time t.

The asymmetry of mitotic division of stem cells implies that only a single PC may arrive at each

time point in the combined immigration process, thereby ensuring its ordinariness. Associated

with each point process is a counting process µ(t), t ≥ 0, in continuous time, whose value

at time t counts the number of events that have occurred in the interval (0, t]. Generally

speaking, a counting process is an absolutely additive function defined on all Borel subsets of

the real line which can take on only non-negative integer values. Requiring that each of the

constituent counting processes be sparse (infinitesimally small), Grigelionis [46] proved that

their superposition converges weakly to a Poisson counting process when the number of the

constituent point processes increases. The limiting Poisson process can be non-homogeneous

while the constituent processes do not need to be identical. While the exact formulation of the

conditions used in Grigelionis’ theorem is not important here, the result is general enough to

expect the immigration of PCs to be approximately Poisson with rate r(t). The first limiting

result of a similar nature was obtained by Cox and Smith [47] for stationary renewal processes

(see also [48, 49]).

Alternatively, one can hypothesize that the events of stem cell differentiation occur in

the resting state. For each resting stem cell this is a rare event. Since the progenitor cell

immigration process is formed by the superposition of such rare events, the result of Grigelionis

suggests that the Poisson character of the immigration process is quite plausible under this

hypothesis as well.

The above line of reasoning has to do with ordinary point processes allowing no tied events

at any given time t. However, the Poisson immigration process can be generalized to allow

for more than one arrival at time t. In this generalized process, the random arrival times are

still governed by a non-homogeneous Poisson process with intensity r(t), but the number of

arrivals, given the event of immigration, may be random with an arbitrary p.g.f. g(s). This

model furnishes the possibility to include symmetric division of stem cells giving rise to two

immigrant PCs that arrive in the PC population in pairs. More details on the model thus

generalized is presented below.

Let Y (t) be the number of PCs at t with p.g.f. Ψ(t; s) = E{sY (t)}. For the process Y (t)

we assume the same evolution as described in Section 3.1.1. Now we specify a model for the

immigration process. Let 0 = S0 < S1 < S2 < S3 < ... be a sequence of time points in a non-
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homogeneous Poisson process ξ(t) with rate r(s). We use the notation R(t) for the cumulative

rate R(t) =
∫ t
0 r(u)du. If Ti = Si−Si−1 then Sk =

∑k
i=1 Ti, k = 1, 2, .... Associated with every

point Sk is an independent immigration component Ik , where {Ik} are i.i.d. r.v.’s with p.g.f.

g(s) = EsIk =
∑∞

i=0 qis
i.

The process Y (t) can be represented as

Y (t) =
ξ(t)∑

k=1

Z(k)(t − Sk) if ξ(t) > 0; Y (t) = 0 if ξ(t) = 0, (16)

where Z(k)(t) are i.i.d. branching processes with the same evolution as that of Z(t) but

started with a random number of ancestors Ik . The p.g.f. of each Z(k)(t) is given by F ∗(t; s) =

g(F (t; s)), where F (t; s) is a solution of the integral equation (1).

As shown in Appendix 1, the following important expression holds true:

Ψ(t; s) = exp{−
∫ t

0
r(t− u)[1− F ∗(u; s)]du}. (17)

Using (17) and (1) it is possible to calculate all moments of the process Y (t). For illustra-

tion, let us derive the expected value EY (t) = ∂
∂sΨ(t; s)|s=1. Introducing the expected number

of immigrants γ = EIk = g′(1), we obtain

N(t) = γ

∫ t

0

r(t− u)A(u)du, N(0) = 0, (18)

where A(t) can be found from equation (3). After integration by parts in formula (18), we

have

R(t)−
∫ t

0
R(t− u)dA(u) = N(t)/γ, (19)

i.e., the equation for R assumes the form of a Volterra equation of the second kind which has

a unique solution under mild regularity conditions [50]. This is the most basic fact in the

theory under consideration that facilitates both computer simulation of the process Y (t) and

estimation of model parameters in practical applications. We have more to say on this subject

in Section 5.

Remark 3. If the immigration process is ordinary, we set γ = 1 in equations (18) and (19).

When allowing for the symmetric division of a stem cell with both daughter cells differentiating

into PCs, we have to set γ = 2. If Z(t) is a Markov branching process with Malthusian

parameter α, then A(t) = eαt and it is not difficult to obtain the following solution of equation

(19):

R(t) = N(t)/γ − α

∫ t

0
N(x)dx. (20)

Let us now consider the process Y (t, x) representing the number of PCs of age ≤ x at

time t. Note that if x ≥ t then Y (t) = Y (t, x). Proceeding from equation (2), one can obtain
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the p.g.f. Ψ(t, x; s) = E{sY (t,x)|Y (0, 0) = 0} of this process under the model of generalized

Poisson immigration. The derivation is similar to that for expression (17). The result is given

by

Ψ(t, x; s) = exp{−
∫ t

0
r(t− u)[1− F ∗(u, x; s)]du} (21)

with the initial condition: Ψ(0, 0; s) = 1.

For the expectation N(t, x) = E{Y (t, x)} = ∂Ψ(t,x;s)
∂s |s=1, one can obtain the following

expression

N(t, x) = γ

∫ t

0

r(t− u)A(u, x)du, N(0, x) = 0, (22)

where A(u, x) is a solution of the equation (4).

3.4. Homogeneous Poisson Immigration

For illustration purposes, we consider two examples of branching stochastic processes with

homogeneous Poisson immigration. Their usefulness lies with the fact that more complex

branching models can always be verified by reduction to these particular cases.

3.4.1. The Bellman-Harris Process with Homogeneous Poisson Immigration

Setting p = 1, the process Z(t) reduces to the classical Bellman-Harris process with the cell

evolution determined by the functions G(t) and h(s). In what follows we will refer to this

model structure as the (G, h)-evolution. We assume in addition that the immigration of PCs

is a homogeneous Poisson process with parameter r and the p.g.f. of the number of immigrants

is given by g(s) =
∑∞

i=0 qis
i. Then formula (17) simplifies to

Ψ(t; s) = exp{−r
∫ t

0
[1− F ∗(u; s)]du}, (23)

where F ∗(u; s) = g(F (t; s)) and F (t; s) satisfies equation (10). Similarly from (11) and (21)

one has

Ψ(t, x; s) = exp{−r
∫ t

0
[1− F ∗(u, x; s)]du}. (24)

Therefore by (14) and (18) (or directly from (23)) it follows

N(t) = γr

∫ t

0

A(u)du, N(0) = 0. (25)

Similarly, by (15) and (22) (or directly from (24)) one obtains

N(t, x) = γr

∫ t

0

A(u, x)du, N(0, x) = 0. (26)
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Some asymptotic properties of this model can be readily ascertained. First of all, it follows

from the well known asymptotic results (see, e.g., [7]) that

A(t) ∼ A0e
αt, t→ ∞, (27)

where

A0 = A0(m,α) =

∫ ∞
0 e−αu(1− G(u))du
m

∫ ∞
0 ue−αudG(u)

, (28)

and α is the Malthusian parameter (determined by equation (5) with p = 1).

In the subcritical case: α < 0 (m < 1), it is assumed that
∫ ∞

0
ue−αudG(u) <∞. (29)

The situation is similar in the critical case α = 0 (m = 1):
∫ ∞

0
udG(u) <∞. (30)

Note that in the supercritical case α > 0 (m > 1), the condition (29) is automatically met.

Let us now consider equation (7) with p = 1. Under conditions (29) and (30) we can apply

the Key Renewal Theorem (see, e.g., [48]) to obtain the following asymptotic result:

A(t, x) ∼ A(x)eαt, t→ ∞, (31)

where α is the Malthusian parameter and

A(x) = Am,α(x) =

∫ x
0 e

−αu(1 −G(u))du
m

∫ ∞
0 ue−αudG(u)

. (32)

Hence, under conditions (29) and (30), it follows from (25) and (26) that the following

asymptotic behavior holds true as t → ∞:

(i) If α < 0 then

N(t) → −γrA0/α; N(t, x) → −γrA(x)/α; (33)

(ii) If α = 0 then

N(t) ∼ γrt; N(t, x) ∼ γrA(x)t; (34)

(iii) If α > 0 then

N(t) ∼ γrA0e
αt/α; N(t, x) ∼ γrA(x)eαt/α. (34)
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3.4.2. The Markov Branching Process with Homogeneous Poisson Immigration.

In this case we assume

G(t) = 1 − e−λt, t ≥ 0. (36)

Then from (5) it follows that α = λ(mp− 1). Now by (6) and (7) we obtain

A(t) =
∞∑

n=0

(mp)n(f ∗ Γn,λ)(t),

A(t, x) =
∞∑

n=0

(mp)n(fx ∗ Γn,λ)(t), (38)

where

f(t) = pe−λt + (1 − p)(1− L(t)), fx(t) = δ(x− t){pe−λt + (1− p)(1− L(t))}

and

Γn,λ(t) =
λn

(n− 1)!

∫ t

0

un−1e−λudu.

Assuming in addition that p = 1 we arrive at the classical Markov branching process with

f(t) = e−λt, fx(t) = δ(x− t)e−λt.

It follows from (37) and (38) that

A(t) = eλ(m−1)t if m 6= 1; A(t) ≡ 1, if m = 1 (39)

A(t, x) = eλ(m−1)t(1 − e−mλx) if m 6= 1; A(t, x) = 1 − e−λx, if m = 1. (40)

Therefore,

A(t, x) = A(t)(1− e−mλx). (41)

On the other hand, it follows from (25) and (39) that

N(t) =
γr(eλ(m−1)t − 1)

λ(m− 1)
, if m 6= 1; N(t) = γrt if m = 1. (42)

Similarly, by (26) and (40) one can prove that

N(t, x) =
γr(eλ(m−1)t − 1)(1− e−mλx)

λ(m− 1)
if m 6= 1; N(t, x) = γrt(1− e−λx) if m = 1. (43)

From (42) and (43) we finally obtain

N(t, x) = N(t)(1− e−mλx). (44)
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3.5. A Two-type Age-dependent Branching Process with Immigration

We now intend to discuss a more general case of multi-type branching processes. More specif-

ically, we show how one more cell type originating from PCs can be added to the model

considered in Section 3.3. Suppose that the cells of this new type may divide or die but

they are no longer capable of differentiating into another cell type. The resultant cell system

consisting of two types of cells corresponds to the one described in the leukemia example of

Section 2.2 and shown in Figure 3. The other example of oligodendrocyte development in

vivo calls for an additional cell type (oligodendrocytes) resulting in a system with three types

of cells (see Figure 2). Although the latter system is more complex, it can be modeled in a

similar way. Let us describe the evolution of cells under the extended model with two types

of cells.

We assume that every cell of type T1 with probability p has life-time ξ distributed in

accordance with c.d.f. G(x) = Pr(ξ ≤ x) and, at the end of its life (mitotic cycle), it gives

rise to ν offsprings with p.g.f. h(s) = Esν =
∑∞

k=0 pks
k , h(1) = 1. With probability 1 − p

every cell of type T1 differentiates into a cell of type T2. The time to differentiation η has c.d.f.

L(x) = P (η ≤ x). Every cell of type T2 has life-time ζ with c.d.f. K(x) = P (ζ ≤ x) and, at

the end of its life, it gives rise to χ offsprings with p.g.f. ϕ(z) = Ezχ =
∑∞

k=0 bkz
k, ϕ(1) = 1.

The above model allows for multiple outcomes of the mitotic cycle. In biological applica-

tions, the p.d.f. h(s) should be reduced to a simpler form: h(s) = 1 − β + βs2, implying that

a cell of type T1 divides with probability β or dies with probability 1 − β. In like manner, for

cells of type T2 we can assume that ϕ(s) = 1 − b + bs2, implying the event of division with

probability b and the event of death with probability 1− b. However, it makes sense to discuss

a more general case with arbitrary p.g.f.’s h(s) and ϕ(s).

Let Z(t) denote the number of T1 cells and X(t) the number of T2 cells at time t. Introduce

the joint p.g.f.

F1(t; s, z) = E{sZ(t)zX(t)|Z(0) = 1}

for Z(t) and X(t) given the process starts with a single T1 cell of zero age. Note that the

marginal p.g.f. F1(t; s, 1) = F (t; s) = E{sZ(t)|Z(0) = 1} satisfies equation (1). Let F2(t; z) =

E{zX(t)|X(0) = 1} be the p.g.f. of the number of T2 cells at time t given the process starts

with one T2 cell of zero age.

Then the following system of integral equations holds for the p.g.f.’s F1(t; s, z) and F2(t; z):

F1(t; s, z) = p

∫ t

0
h(F1(t− u; s, z))dG(u)+ (1 − p)

∫ t

0
F2(t− u; z))dL(u)

+s{p[1− G(t)] + (1 − p)[1− L(t)]}+ z(1 − p)L(t), (45)
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F2(t; z) =
∫ t

0

ϕ(F2(t− u; z))dK(u) + z(1 −K(t)), (46)

with the initial conditions: F1(0; s, z) = s and F2(0; z) = z.

Introduce the moments

A(t) = E{Z(t)|Z(0) = 1} = ∂F1(t;s,z)
∂s |s=z=1 = ∂F (t;s)

∂s |s=1,

B(t) = E{X(t)|Z(0) = 1} = ∂F1(t;s,z)
∂z |s=z=1 ,

C(t) = E{X(t)|X(0) = 1} = ∂F2(t;z)
∂z |z=1, c = ϕ′(1).

Note thatA(t) can be obtained from equation (3).From (45) and (46), we also obtain equations

for B(t) and C(t):

B(t) = pm

∫ t

0
B(t − u)dG(u) + (1− p)

∫ t

0
C(t − u)dL(u) + (1 − p)L(t), (47)

C(t) = c

∫ t

0
C(t − u)dK(u) + 1 −K(t), (48)

with the initial conditions: B(0) = 0, C(0) = 1. These equations have the same structure as

(3) and can be solved by the same method.

Let ZI(t) be the number of T1 cells and XI(t) be the number of T2 cells in the pres-

ence of non-homogeneous Poisson immigration. We introduce the notation: ΨI(t; s, z) =

E{sZI(t)zXI(t)|ZI(0) = XI(0) = 0} . Then by the same argument as that given in Appendix

2 one can prove that

ΨI(t; s, z) = exp{−
∫ t

0
r(t− u)[1− g(F1(u; s, z))]du} (49)

with the initial condition: ΨI(0; s, z) = 1. Here the p.g.f. F1(t; s, z) is defined by equation

(45) and g(s) is the p.g.f. of the number of immigrants. Therefore all moments can be exactly

computed from formula (49). In particular, the mean values are given by

N I(t) = EZI(t) =
∂ΨI(t; s, z)

∂s
|s=z=1 =

∫ t

0
r(t− u)A(u)du

and

M I(t) =
∂ΨI(t; s, z)

∂z
|s=z=1 =

∫ t

0

r(t− u)B(u)du.

3.6. The Case of Initial Random Number of Cells

When analyzing actual data on renewing cell populations in vivo, it is important to accommo-

date the case where the process starts with random numbers of cells in each compartment. For

example, consider the model of Section 3.5 assuming now that every process starts with ran-

dom numbers ξ1 and ξ2 of T1 and T2 cells, respectively. The random vector (ξ1, ξ2) has a p.g.f.
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g(s1, s2) = E(sξ1
1 s

ξ2
2 ). We also need the notation: g1(s1) = g(s1, 1) = E(sξ1

1 ) and g2(s2) =

g(1, s2) = E(sξ2
2 ). In particular, if ξ1 and ξ2 are independent then g(s1, s2) = g1(s1)g2(s2).

Denote m1 = Eξ1 = g′1(1), m2 = Eξ2 = g′2(1). Let Z∗(t) and X∗(t) be the number of T1 and

T2 cells, respectively, produced by ξ1 cells of type T1. Then we have

F ∗
1 (t; s, z) = E{sZ∗(t)zX∗(t)|Z∗(0) = ξ1} = g1(F1(t; s, z)). (50)

Let X−(t) be the number of T2 cells produced by ξ2 cells of type T2. Then

F−
2 (t; z) = E{zX−(t)|X−(0) = ξ2} = g2(F2(t; z)). (51)

Finally, let Y +
k (t), k = 1, 2, be the number of type Tk cells at time t in the two-type

branching process under consideration given it starts with ξ1 cells of type T1 and ξ2 cells of

type T2. Then

Y +
1 (t) = ZI(t) + Z∗(t), Y +

2 (t) = XI(t) +X∗(t) +X−(t), (52)

where the three vectors (ZI(t), XI(t)), (Z∗(t), X∗(t)) and X−(t) are independent.

Therefore, the corresponding joint p.g.f. is given by

Ψ+(t; s, z) = E{sY
+
1 (t)zY +

2 (t)|Y +
1 (0) = ξ1, Y

+
2 (0) = ξ2} = ΨI(t; s, z)F ∗

1 (t; s, z)F−
2 (t; z)

= ΨI(t; s, z)g1(F1(t; s, z))g2(F2(t; z)), (53)

where the p.g.f. ΨI (t; s1, s2), F1(t; s1,s2) and F2(t; s2) are defined by equations (45), (46) and

(49) of Section 3.5. Now it is possible to derive formulas for all moments. In particular, it

follows from (50) and (51) that

A∗(t) = EZ∗(t) = m1A(t), B∗(t) = EX∗(t) = m1B(t), B−(t) = EZ−
2 (t) = m2C(t). (54)

Similarly, from (52), (53) and (54) we obtain the expected values

M+
1 (t) = EY +

1 (t) = N I(t) +m1A(t), M+
2 (t) = EY +

2 (t) = M I(t) +m1B(t) +m2C(t). (55)

To derive the variance for each cell type and the covariance between the two types of cells,

we proceed as follows:

V arZ∗(t) = m1V arZ(t) + d2
1A

2(t),

V arX∗(t) = m1V arX(t) + d2
1B

2(t),

V arX−(t) = m2V ar{X(t)|X(0) = 1}+ d2
2C

2(t).

EZ∗(t)X∗(t) = m1EZ(t)X(t) + v1A(t)B(t),
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Cov{Z∗(t), X∗(t)} = m1Cov{Z(t), X(t)}+ d2
1A(t)B(t).

From these formulas together with (50)-(55) we finally obtain

V arY +
1 = V arZI (t) +m1V arZ(t) + d2

1A
2(t),

V arY +
2 = V arXI(t) +m1V arZ(t) + d2

1A
2(t) +m2V ar{X(t)|X(0) = 1} + d2

2C
2(t),

Cov(Y +
1 (t), Y +

2 (t)) = Cov(Y1(t), Y2(t)) +m1Cov{Z1(t), Z2(t)}+ d2
1A(t)B(t).

4. Analysis of Double Labeling Experiments.

Due to their complexity, proving identifiability of the preceding models is a very difficult task.

However, it is entirely possible that the ultimate stochastic model would have been noniden-

tifiable if the numbers (or fractions) of cells of different types were the only experimental

outcomes accessible to measurement. This obstacle can be surmounted by independently es-

timating the mitotic cycle parameters from specially designed labeling experiments. There

are two exogenous markers: BrdU and Ki-67 that can be used for this purpose. While BrdU

represents a relatively stable marker for labeling the S-phase in vivo, Ki-67 is a nuclear protein

expressed in all periods of the cell cycle except the resting phase [51]. Both proliferative mark-

ers have been studied extensively in the context of neurogenesis [51]. Using Ki-67 it is possible

to label all proliferating cells in in vitro samples of the (dissociated) spinal cord obtained from

experimental animals at different times after a pulse BrdU label administered in vivo at time

t = 0. Leukemic cells are even easier to handle with this technique. Analyzing the kinetics of

cells that have been pulse-labeled with BrdU on a fluorescence activated cell sorter is a routine

experimental technique for studying the developmental fate of dividing precursor cells.

Let Λ(t) be an age-dependent branching process representing the number of doubly labeled

cells at time t > 0, and let I(0) be the number of cells in the S-phase (labeled with BrdU) at

time t = 0. Suppose that, upon the completion of its MC, every PC divides with probability

β or exits the cycle with probability 1 − β. This gives the offspring p.g.f. of the form:

h(s) = 1− β+ βs2. We also assume that the lengths of the MC phases are independent r.v.’s.

The c.d.f.’s FS and FG2+M stand for the S and G2 +M phases, respectively. The distribution

of the whole MC duration is denoted by G. The same model structure may be adopted for

different subtypes of progenitor cells.

Let Z(t) be a Bellman-Harris branching process (without immigration) representing the

number of cells produced by a single cell with the above-described (G, h)-evolution and denote

its p.g.f. by ψ(t; s) = E{sZ(t)|Z(0) = 1}. The p.g.f. ϕ(t; s) = E{sΛ(t)|Λ(0) = 1} satisfies the

integral equation

ϕ(t; s) =
∫ t

0
h[ψ(t− u; s)]dW0(u) + s[1 −W0(t)], ϕ(0, s) = s |s| ≤ 1 (56)

21



ψ(t; s) =
∫ t

0

h[ψ(t− u; s)]dG(u) + s[1 − G(t)], ψ(0, s) = s |s| ≤ 1 (57)

where W0 = ŪS(t, 0) ∗ FG2+M (t), and ŪS(t, 0) is the stationary c.d.f. of the residual time

in the S-phase given the start of the labeling experiment at time t = 0 and the symbol ∗
stands for the convolution. The c.d.f. ŪS(t, 0) is essentially a limiting distribution requiring

an indefinitely long prehistory of the cell population (see Appendix 2).

If the total rate of entry of cells into the S-phase is constant in time (e.g., if the rate of

immigration is constant and cells do not divide), the function ŪS(t, 0) has the form [15]:

ŪS(t, 0) =
1
τ̄S

∫ t

0
[1− FS(x)]dx, (58)

where τ̄S is the mean duration of the S-phase. From the practical standpoint, for validity

of formula (58) it is only required that the rate of cell entry into the S-phase is approxi-

mately constant for a short (equaling, say, the 0.9th quantile of the distribution FS) period

of time immediately preceding the administration of BrdU [15]. Another formula for ŪS(t, 0)

can be derived in the supercritical (exponential growth) and critical cases in the absence of

immigration. It has the form [15]:

ŪS(t, 0) = 1−
eαt

∫ ∞
t e−αx[1 − FS(x)]dx∫ ∞

0 e−αx[1 − FS(x)]dx
, (59)

where α ≥ 0 is the Malthusian parameter. It is a remarkable fact that formula (59) remains the

same in the presence of a homogeneous Poisson immigration. In the subcritical case (α < 0)

with a homogeneous Poisson immigration, this distribution is given by

ŪS(t, 0) =

∫ t
0 e

−αx[1− FS(x)]dx∫ ∞
0 e−αx[1 − FS(x)]dx

. (60)

The derivation of these surprising results is given in Appendix 2. From the practical standpoint,

for formulas (59) and (60) to be valid it is only required that the immigration rate for PCs

(and not necessarily the rate of entry in the MC) remains constant over a short (equaling,

say, the 0.9th quantile of the S-phase distribution) period of time immediately preceding the

administration of BrdU.

From equations (56) and (57), we obtain the following expressions for the mean M(t) and

the variance D(t):

M(t) = E{Λ(t)|Λ(0) = 1} = 1 −W0(t) +
∞∑

k=0

(2β)k+1W0 ∗ [G∗k − G∗(k+1)(t)], (61)

D(t) = Var{Λ(t)|Λ(0) = 1} = Q(t) +
∞∑

k=0

(2β)k+1(Q ∗G∗(k+1))(t) +M(t)−M2(t), (62)
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where Q(t) = 2β(B2 ∗W0)(t), B(t) =
∑∞

k=0(2β)k+1[G∗k − G∗(k+1)(t)], and G∗k denotes the

k-fold convolution of G. In the case of gamma-distributed phases of the MC the above ex-

pressions for M(t) and D(t) can be represented in closed form. To allow for inter-animal

variability, we treat the initial number of cells I(0) in the S-phase as a r.v. with mean

aI and variance σI . Then formulas (61) and (62) are modified as follows (see Section 3.6):

MI(t) = aIM(t), DI(t) = aID(t) + σ2
IM

2(t).

In the above formulas, the time of labeling was set at t = 0. By changing variables:

t′ = t − t0 we can set it at any time point t0. The expression for M(t) and D(t) can be used

for estimation of model parameters from the counts of doubly labeled cells: Xobs(t; t0), t > t0,

in conjunction with the generalized method of moments [52, 53].

5. Some Remarks Pertaining to Future Applications

It is extremely difficult, if not impossible, to prove identifiability of the models discussed in

this paper. A mathematical or simulation model whose parameters are not identifiable is of

no use for data analysis, unless a proper reparametrization results in identifiable combinations

of model parameters. If such combinations cannot be found, additional sources of information

need to be utilized in order to overcome this difficulty. This is the reason why a two-step

procedure described in the present paper deserves serious attention. At the first step of this

procedure, a subset of model parameters can be estimated from specially designed labeling

experiments. This subset typically includes such parameters as the probability of division,

mean duration of the MC and the corresponding standard deviation. Having these parameters

fixed and fitting the model to empirical moments of the counts of cells of different types as

functions of time we can estimate the expected influx of PCs, characterized by the rate R(t),

and all the as yet unknown parameters. This two-step analysis is designed to avoid the problem

of over-parametrization by keeping the number of unknown parameters to a minimum at each

step. In reference to the example of Section 2.1, there will be only 7 parameters (3 for GRP

cells, 3 for O-2A/OPCs, and 1 for oligodendrocytes) to be estimated from observed counts of

the three cell types if one uses gamma-distributed life-times for all the cell transformations as

a suitable approximation to reality. There will be only 5 such parameters (3 for LPCs and 2

for LBs) in the leukemia example of Section 2.2.

One distinct advantage of the proposed approach is worthy of notice. One needs to specify

the immigration rate r(t) (or R(t)) to model the dynamics of multi-type cell populations and

design associated estimation procedures. Recalling equation (19), we see that this rate is

completely determined by the mean number of PCs, given the values of other parameters are
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fixed. For example, in the Markov case with γ = 1 it follows from formula (20) that

r(t) = N ′(t) − αN(t) (63)

where a is the Malthusian parameter. On the other hand, the rate r(t) can be treated as a sim-

ple one-parameter family given N(t) is known. Indeed, both N(t) and N ′(t) can be estimated

(using, e.g., kernel smoothing techniques) from observed cells counts and then substituted into

equation (63). This means that the rate r(t) is known up to the parameter α which can be

estimated jointly with other parameters of PCs from higher moments (e.g., the variance) as

functions of time. In the Bellman-Harris case, one can use an analytical solution of equation

(19) to attain the same ends. Smoothing techniques are also warranted here in order to obtain

a regularized solution [54]. By this simple expedient of transforming the mean number of PCs,

we dramatically reduce the number of free parameters when specifying the unknown immigra-

tion rate. This idea is especially useful when resorting to simulations in order to facilitate the

procedure of model fitting in complicated cases. With this approach, the most appropriate

estimation technique is the method of moments or its generalized version [52, 53].

It should be noted that the methodology routinely used to analyze cell kinetics in vivo is

overly simplistic. For example, the cumulative labeling methodology [55, 56] used to estimate

the MC parameters in vivo is based on assumptions that can hardly be perceived as realistic.

In particular, this method assumes a steady state of the cell population over an extended

period of time (see our comment following formula (58)) and does not allow for variability of

the mitotic cycle duration between cells.

The methodology proposed in the present communication represents a much more sophisti-

cated but tractable alternative. The development of more sophisticated models and methods,

however, can not serve as an end in itself. For a model to be useful in biological applications, its

complexity must be adequate for the information contained in the data to be analyzed. From

this perspective, the most important requirement is that the model be identifiable. Wherever

possible, a theoretical proof of model identifiability should be provided. Numerical or simula-

tion studies can also be conducted to show that the model is not over-parameterized and its

parameters can be estimated from the data if sufficient sample size is provided. Alternatively,

one needs additional sources of information to surmount the difficulty, and this is what we

resorted to in the present paper. As long as the requirement of identifiability is met, the quest

for generality is always warranted in model building. We believe that this general principle is

more appropriate for the development of mechanistically motivated models of biological sys-

tems than the well-known principle of parsimony, especially when such models are intended

for predictions and future analyses of similar data. The approach presented here appears

to satisfy both conflicting requirements, thereby representing the desired compromise between

identifiability and flexibility of the proposed modeling techniques. However, considerable room
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remains for further exploration of computational and statistical aspects of their application to

real data analysis.
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Appendix 1. Derivation of the Probability Generating Function
for the Age-dependent Branching Process with Non-homogeneous
Poisson Immigration

Formula (17) gives the following basic expression for the p.g.f. of the process Y (t) introduced

in Section 3.2:

Ψ(t; s) = exp {−
∫ t

0

r(t − u)[1 − F ∗(u; s)]du},

where F ∗(t; s) = g(F (t; s)) and F (t; s) is a solution of the integral equation (1).

Proof. It follows from (16) that

Ψ(t; s) = EsY (t) = E{s
∑ξ(t)

i=1 Z(i)(t−Si)} =
∞∑

n=0

P (ξ(t) = n)E{s
∑ξ(t)

i=1 Z(i)(t−Si)|ξ(t) = n}.

Now we have

∆n(t; s) = E{s
∑ξ(t)

i=1 Z(i)(t−Si)|ξ(t) = n}

=
∫ t

0

∫ t

u1

...

∫ t

un−1

E{s
∑n

i=1 Z(i)(t−ui)}dPS1,S2 ,...,Sn(u1, u2, ..., un)

=
∫ t

0

∫ t

u1

...

∫ t

un−1

n∏

i=1

F ∗(t− ui; s)dPS1,S2,...,Sn(u1, u2, ..., un),

where PS1,S2 ,...,Sn(u1, u2, ..., un) = P(S1 ≤ u1, S2 ≤ u2, ..., Sn ≤ un).
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We will use the fact that η(t) = R(ξ(t)) is a homogeneous Poisson process with rate λ = 1

and R(Sk) = Γk has Γ(k, 1) distribution, k = 1, 2, . . . . Let R−1(.) be the inverse function of

the rate R(t). Then

PS1 ,...,Sn(u1, u2, ..., un) = P{R−1(Γ1) ≤ u1, ..., R
−1(Γn) ≤ un}

= PΓ1 ,...,Γn(R(u1), R(u2), ..., R(un)).

The Order Statistics Property yields

∆n(t; s) =
n!

Rn(t)

∫ t

0

∫ t

u1

...

∫ t

un−1

n∏

i=1

F ∗(t− ui; s)dR(un)...dR(u2)dR(u1)

= (n!/Rn(t))
∫ t
0

∫ t
u1
...

∫ t
un−1

n∏
i=1

r(ui)F ∗(t− ui; s)dun...du2du1

= (1/Rn(t))
∫ t
0

∫ t
0 ...

∫ t
0

n∏
i=1

r(ui)F ∗(t − ui; s)du1du2...dun

by virtue of the fact that f(u1,..., un) =
n∏

i=1
r(ui)F ∗(t− ui; s) is a symmetric function.

Therefore we can write

∆n(t; s) = (1/Rn(t))
n∏

i=1

∫ t

0

r(ui)F ∗(t− ui; s)dui = (1/Rn(t)){
∫ t

0

r(u)F ∗(t− u; s)du}n.

Then one has

Ψ(t; s) =
∑∞

n=0 P (ξ(t) = n)∆n(t; s)

= e−R(t)
∑∞

n=0(R
n(t)/n!)(1/Rn(t)){

∫ t
0 r(u)F

∗(t− u; s)du}n

= exp{−R(t) +
∫ t
0 r(u)F

∗(t− u; s)du}
= exp{−

∫ t
0 r(u)[1− F ∗(t− u; s)]du}

= exp{−
∫ t
0 r(t− u)[1− F ∗(u; s)]du}

which proves (17).

Appendix 2: Residual Life-time Distributions

For the processes Z(t) and Y (t), we define the residual time distributions at time t as follows:

Ut(y) = 1 − U t(y), U t(y) = EZt(y)/A(t),

Vt(y) = 1 − V t(y), V t(y) = EY t(y)/N(t) (A.1)
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Then the limiting residual life-time distributions are defined as

U(y) = 1 − U(y) = 1 − lim
t→∞

U t(y), V (y) = 1 − V (y) = 1 − lim
t→∞

V t(y) (A.2)

Note that EZt(y) = A(t+ y) −A(t + y, y) and EY t(y) = N(t+ y) −N(t+ y, y). Therefore

U t(y) = [A(t+ y)− A(t+ y, y)]/A(t) = [A(t+ y)/A(t)]{1−A(t+ y, y)/A(t+ y)},

V t(y) = [N(t+ y) −N(t+ y, y)]/N(t) = [N(t+ y)/N(t)]{1−N(t+ y, y)/N(t+ y)}. (A.3)

Let us first consider the Markov case of Section 3.5. Then from (41) and (A.3) it follows

Ut(y) = 1− U t(y) = 1 − e−λy , y ≥ 0. (A.4)

Therefore, the Markov branching process (without immigration) has an exponential (with pa-

rameter λ) stationary residual life-time distribution which is of the same form as the life-time

distribution. On the other hand, from (44) and (A.3) we have

V t(y) = e−mλy{1 − e−λ(1−m)(t+y)}/{1− e−λ(1−m)t}, m < 1;

V t(y) = e−λy(1 + y/t), m = 1;

V t(y) = e−mλy{eλ(m−1)y − e−λ(m−1)t}/{1− e−λ(m−1)t}, m > 1.

Then the limiting residual life-time distribution is given by

V (y) = 1 − e−mλy , m < 1 (A.5)

V (y) = 1 − e−λy , m ≥ 1. (A.6)

Remark 1. In the Markov branching process with homogeneous Poisson immigration, the resid-

ual life-time distributions depend of the critical parameter m. In the critical and supercritical

cases, the limiting residual life-time distribution is the same as that in the process without

immigration, while in the subcritical case it is exponential with parameter mλ.

Let us now consider the residual life-time distributions for the Bellman-Harris branching

processes with and without immigration under conditions (29) and (30) of Section 3.4. Using

formulas (31), (32) and (A.3), we arrive at the following limiting residual life-time distribution

in this case:

U(y) = 1 −
eαy

∫ ∞
y e−αu(1 −G(u))du

∫ ∞
0 e−αu(1 −G(u))du

. (A.7)
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Note that in the critical case α = 0 the limiting distribution assumes the form

U(y) =

∫ y
0 (1− G(u))du∫ ∞
0 (1 −G(u))du

. (A.8)

For the Bellman-Harris process with homogeneous Poisson immigration, proceeding from (A.3)

and using formulas (32)− (35), we have

(i) If α ≥ 0 then

V (y) = 1 −
eαy

∫ ∞
y e−αu(1− G(u))du

∫ ∞
0 e−αu(1− G(u))du

; (A.9)

(i) If α < 0 then

V (y) =

∫ y
0 e

−αu(1− G(u))du∫ ∞
0 e−αu(1 −G(u))du

. (A.10)

Remark 2.. Note that in the critical and supercritical cases the limiting residual life-time dis-

tributions for the Bellman-Harris process with and without immigration are identical. Setting

G(t) = 1 − e−λt, t ≥ 0, in the limiting distributions (A.7)− (A.10), it is easy to obtain the

corresponding stationary distribution given by (A.4) or the limiting distributions (A.5) and

(A.6) in the Markov case.
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Legends to Figures

Figure 1. A typical structure of renewing cell systems with r1, r2, r3, r4, r5 representing the

rates of transition between different cell types.

Figure 2. The evolution of glia-forming cells in the central nervous system. Notation: T0 –

stem cell, T1 – GRP cell, T2 – O-2A/OPC, T3 – oligodendrocyte.

Figure 3. The evolution of leukemic cells. Notation: T0 – LSC, T1 – LP, T2 – LB.

33



Stem Cells Progenitor 
Cells

r
1

r
2

r
3

Terminally 
Differentiated 

Cells

r
4

r
5

Cell 
death

Cell 
death

Cell
death

Figure 1



T0

T1

T2T1

T0

T1
T2

T2

T3

Cell 
death

Cell 
death

Cell 
death

Figure 2



T0

T1

T2

T0

T1 T2

T2

Cell 
death

T1

Cell 
death

Figure 3


